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Chapter 1

Introduction

Time series: set of observations at time t

t discrete or continuous

here (and in practice): mostly discrete

notation: x(i), t(i), i = 1, . . . , n

x time series value

n number of points

2
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1.1 Examples of Time Series

1870 1890 1910 1930 1950 1970
t [year A.D.]

6.0

8.0

10.0

12.0
x [m]

Figure 1.1: x = level of Lake Huron, 1875–1972 (n = 98). [data from Brockwell &
Davis (2000) Introduction to Time Series and Forecasting, Springer, New York]

⇒ Downward trend, ⇒ equidistant time series: ∀i : t(i)− t(i− 1) = d = constant
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0 24 48 72 96 120 144
t [months since May A.D. 1974]

320.0

325.0
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335.0

340.0

345.0

350.0
x [ppm]

1974 1976 1978 1980 1982 1984 1986

missing value

Figure 1.2: x = atmospheric CO2, Mauna Loa (Hawaii), 1974–1986 (n = 139). [data
from Komhyr et al. (1989) Journal of Geophysical Research 94(D6):8533–8547]

⇒ Upward trend, ⇒ seasonal pattern, ⇒ missing value
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1600 1700 1800 1900 2000
t [year A.D.]

0.0

50.0

100.0

150.0
x [dimensionless]

Figure 1.3: x = group sunspot number, 1610–1995 (n = 386). [data from Hoyt &
Schatten (1998) Solar Physics 181:491–512; 179:189–219]

⇒Upward trend,⇒ sunspot cycle (11 years),⇒ equidistant,⇒ increasing variability,
⇒ “Grand Minima” (Maunder Minimum, ≈ 1645–1715)
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800 1000 1200 1400 1600 1800
t [year A.D.]

-40.0

-35.0

-30.0
x [per mil]

Figure 1.4: x = δ18O, GISP2 ice core (Greenland), A.D. 818–1800 (n = 8733). [data
from Grootes & Stuiver (1997) Journal of Geophysical Research 102(C12):26455–
26470]

⇒ just noise?
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Figure 1.5: δ18O as air-temperature indicator.
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1.2 Objectives of Time Series Analysis

In general: to draw inferences, that is, to learn about the system (climate/weather)
that produced the time series.

Climate/weather: Many influences, complex interaction
⇒ no complete knowledge ⇒ statistics

Pre-requisite:
theoretical time series model or stochastic process or random process

Then: estimate model parameters,
test model suitability,
apply model: to predict future values

to signal/noise separation
to test hypotheses
as input for climate models
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1.3 Time Series Models

Definition

A time series model, {X(t)}, is a family of random variables indexed by
symbol t ∈ {T}.

t: continuous/discrete values

t: equidistant/non-equidistant

time series (data): realization, x, of random process, X

physical systems: time-dependence (differential equations)
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Excursion

random variables (probability density function, distribution function, dis-
crete/continuous, examples, mean, median, mode, variance, expectation)
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probability density function (continuous) f (x) = probability per interval dx
(
∫

f = 1)

distribution function F (x) =
∫ x

−∞ f (y)dy

discrete probability mass function p(xj), F (x) =
∑

j:xj≤x p(xj)

(we concentrate on continuous case)

expectation of a function g of a random variable X : E[g(X)] =
∫

g(x) · f (x)dx

mean µ := E[X ] =
∫ +∞
−∞ x · f (x)dx

(“:=” means “is defined as”,
∫

usually means
∫ +∞
−∞ )

variance σ2 := E[(X − µ)2] (standard deviation = std = σ)

linearity: E(aX + b) = a · E[X ] + b

σ2 = E[(X − µ)2] = E[X2 − 2Xµ + µ2] = E[X2]− 2µE[X ] + µ2

= E[X2]− µ2
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Normal density function or Gaussian density function

f (x) = 1√
2π

1
σ exp

[
−1

2

(
x−µ
σ

)2]
mean = µ, standard deviation = σ

median:
∫ Median

−∞ f (x)dx = 1/2 (Gaussian: median = mean = mode (:= max. point))

skewness := E[(X − µ)3
/
σ3] = zero (symmetric)

2 3 4 5 6 7 8

x

0

0.1

0.2

0.3

0.4

f(x)

0

0.2

0.4

0.6

0.8

1

F(x)
N(µ, σ2)
µ = 5
σ = 1

Figure 1.6: Normal density function (solid), normal distribution function (dashed).
Notes: (1) inventor = de Moivre 6= Gauss. (2) F (x) has no closed form ⇒ approxi-
mations.
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Logarithmic normal density function or lognormal density function

f (x) = 1
s(x−a)

1√
2π

exp
[
− 1

2s2

[
ln
(

x−a
b

)]2]
mean = a + b exp(s2/2), variance = b2 exp(s2)[exp(s2)− 1],
skewness = [exp(s2)− 1]1/2 · [exp(s2) + 2], median = a + b, mode = a + b exp(−s2)
mode < median < mean

2 3 4 5 6 7 8

x

0

0.2

0.4

0.6

0.8

f(x)
LN(a, b, s)
a = 4
b = 1
s = 1

Figure 1.7: Lognormal density function. [Aitchison & Brown (1957) The Lognormal
Distribution. Cambridge University Press, Cambridge]
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1.3.1 IID Noise or White Noise

IID: X(t), t = 1, . . . , n are Independent and Identically Distributed random
variables

Definition

Two (discrete) events, E1 and E2, are independent if
P (E1, E2) = P (E1) · P (E2).

Example: dice, 2 throws, P (“6”, “6”) = 1/36
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Excursion: bivariate (X,Y ) probability density function f (x, y)

Definition

Two (continuous) random variables, X and Y , are independent if
f (x, y) = f1(x) · f2(y) ∀x, y.

Independent random process:
X(i) and X(j) are independent, i, j = 1, . . . , n, i 6= j
Then: E[X(i) ·X(j)] = E[X(i)] · E[X(j)] ∀i 6= j

Identically distributed random process:
X(i) and X(j) have identical probability density functions f , i, j = 1, . . . , n
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Figure 1.8: Gaussian IID random process. (a) Realization (n = 100), (b) lag-1

scatterplot, (c) spectrum. Excursion: spectral representation of a random process.

IID processes: less systematic behaviour / information ( / interesting)
used to construct more complicated time series models



1.3. TIME SERIES MODELS 17

1.3.2 Random Walk

0 20 40 60 80 100

t(i)

-16

-12

-8

-4

0

4

x(i)

Figure 1.9: Random walk process, X , realization (n = 100). In case of the general
random walk process, X(t) =

∑
i=1,t S(i) with IID S and prescribed starting point.

Here, S is a binary process, with P (s = +1) = 1/2 and P (s = −1) = 1/2, and X is
called a simply symmetric random walk or “drunken man’s walk”.
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1.3.3 Linear Trend Model

1870 1890 1910 1930 1950 1970
t [year A.D.]

6.0

8.0

10.0

12.0
x [ft]

Figure 1.10: Lake Huron (NB: feet, reduced by 570), with linear trend.

Linear regression model: X(i) = a + b · t(i) + E(i), i = 1, . . . , n, noise process E .
Our main interest: estimate parameters a and b.
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Least-squares estimation of linear model parameters a and b

Sample form of linear regression model:

x(i) = a + b · t(i) + ε(i), i = 1, . . . , n

Least-squares sum S(a, b) =

n∑
i=1

[x(i)− a− b · t(i)]2

The least-squares (LS) estimates, â and b̂, minimize S(a, b).

Excursion: calculation of least squares estimates

[excellent book on linear regression: Montgomery & Peck EA (1992) Introduction to
Linear Regression Analysis. 2nd Edn., Wiley, New York]
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minimal S(a, b) ⇒ ∂S

∂a

∣∣∣
â, b̂

= 0, (1.1)

⇒ ∂S

∂b

∣∣∣
â, b̂

= 0. (1.2)

From Eq. (1.1): − 2

n∑
i=1

[
x(i)− â− b̂ · t(i)

]
= 0,

from Eq. (1.2): − 2

n∑
i=1

[
x(i)− â− b̂ · t(i)

]
t(i) = 0.

This simplifies to

n · â + b̂
n∑

i=1

t(i) =

n∑
i=1

x(i) (1.3)
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and

â
n∑

i=1

t(i) + b̂
n∑

i=1

t(i)2 =

n∑
i=1

x(i) · t(i), (1.4)

the least squares normal equations.

Equation (1.3) yields

â =
1

n

n∑
i=1

x(i)− b̂

n

n∑
i=1

t(i). (1.5)

This put into Equation (1.4) yields[
1

n

n∑
i=1

x(i)− b̂

n

n∑
i=1

t(i)

]
·

n∑
i=1

t(i) + b̂
n∑

i=1

t(i)2 =

n∑
i=1

x(i) · t(i)
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or

1

n

[
n∑

i=1

x(i)

]
·

[
n∑

i=1

t(i)

]
+ b̂

 n∑
i=1

t(i)2 − 1

n

(
n∑

i=1

t(i)

)2
 =

n∑
i=1

x(i) · t(i).

The least-squares estimate of b is thus given by:

b̂ =

{
n∑

i=1

x(i) · t(i)− 1

n

[
n∑

i=1

x(i)

]
·

[
n∑

i=1

t(i)

]}/ n∑
i=1

t(i)2 − 1

n

(
n∑

i=1

t(i)

)2
 .

Estimate b̂ put into Equation (1.5) yields â. (The second derivative of S(a, b) at â, b̂
is positive, that means, we have a minimum.)
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1870 1890 1910 1930 1950 1970
t [year A.D.]

-4.0

-2.0

0.0

2.0

4.0
x [FEET]

Figure 1.11: Lake Huron (reduced by 570 feet), residuals ε(i) from linear regression.

ε(i) = x(i) − â − b̂ · t(i), i = 1, . . . , n. The residuals are realizations of the error
process, E(i). ⇒ increasing variability!? ⇒ somewhat smooth curve!?
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1.3.4 Harmonic Trend Model
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Figure 1.12: CO2, Mauna Loa. From above: data plus linear trend, residuals from
linear trend plus harmonic trend, residuals from both trends.
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Harmonic trend model (e. g., seasonal component)

x(i) = a0 + a1 · sin(2πt(i)/T1) + a2 · cos(2πt(i)/T1) + ε(i)

period T1

Excursion: Least-squares estimation of harmonic trend
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x(i) = a0 + a1 · sin(2πt(i)/T1) + a2 · cos(2πt(i)/T1) + ε(i)

S(a0, a1, a2) =
n∑

i=1

[x(i)− a0− a1 · sin(2πt(i)/T1)− a2 · cos(2πt(i)/T1)]2 != minimum

∂S

∂a0

∣∣∣
â0, â1, â2

= 0, ⇒ −2
∑

[ ] = 0

∂S

∂a1

∣∣∣
â0, â1, â2

= 0, ⇒ −2
∑

[ ] · sin(2πt(i)/T1) = 0

∂S

∂a2

∣∣∣
â0, â1, â2

= 0, ⇒ −2
∑

[ ] · cos(2πt(i)/T1) = 0

n︸︷︷︸
a(1,1)

· a0+
[∑

sin()
]

︸ ︷︷ ︸
a(1,2)

· a1+
[∑

cos()
]

︸ ︷︷ ︸
a(1,3)

· a2 =
∑

x(i)︸ ︷︷ ︸
b(1,1)[∑

sin()
]

︸ ︷︷ ︸
a(2,1)

· a0+
[∑

sin2()
]

︸ ︷︷ ︸
a(2,2)

· a1+
[∑

sin() · cos()
]

︸ ︷︷ ︸
a(2,3)

· a2 =
[∑

x(i) · sin()
]

︸ ︷︷ ︸
b(2,1)[∑

cos()
]

︸ ︷︷ ︸
a(3,1)

· a0+
[∑

sin() · cos()
]

︸ ︷︷ ︸
a(3,2)

· a1+
[∑

cos2()
]

︸ ︷︷ ︸
a(3,3)

· a2 =
[∑

x(i) · cos()
]

︸ ︷︷ ︸
b(3,1)

linear equation system ⇒ linear algebra
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subroutine regr

use nrtype

use nr, only: gaussj

use data

use result

use setting

implicit none

! Harmonic regression.

integer, parameter :: np=3

integer :: i

real(sp), dimension (np,np) :: a

real(sp), dimension (np,1) :: b

a(1,1)=1.0*n

a(1,2)=sum(sin(twopi*t(1:n)/t1))

a(1,3)=sum(cos(twopi*t(1:n)/t1))

a(2,1)=a(1,2)

a(2,2)=sum(sin(twopi*t(1:n)/t1)**2.0)

a(2,3)=sum(sin(twopi*t(1:n)/t1)*cos(twopi*t(1:n)/t1))

a(3,1)=a(1,3)

a(3,2)=a(2,3)

a(3,3)=sum(cos(twopi*t(1:n)/t1)**2.0)

b(1,1)=sum(x(1:n))

b(2,1)=sum(x(1:n)*sin(twopi*t(1:n)/t1))

b(3,1)=sum(x(1:n)*cos(twopi*t(1:n)/t1))

call gaussj(a,b)

a0=b(1,1)

a1=b(2,1)

a2=b(3,1)

end subroutine regr

Press, Teukolsky, Vetterling, Flannery (1992) Numerical Recipes in
FORTRAN 77. 2nd Edn., Cambridge University Press, Cambridge.

—— (1996) Numerical Recipes in Fortran 90. Cambridge University
Press, Cambridge.



Chapter 2

Stationary Time Series Models

We have learned some examples and basic concepts but need a few further points to
define a stationary time series model, or a stationary random process, which is, very
loosely speaking, a process which does not depend on time, t.

28



2.1. MEAN FUNCTION 29

2.1 Mean Function

Definition

Let {X(t)} be a time series model with E[X(t)] < ∞ ∀t ∈ T .
The mean function of X(t) is
µX(t) = E[X(t)].

Excursion: Mid-Pleistocene Climate Transition, increase in mean ice volume.
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5.1. ODP 925

The ODP 925 d 18O record (Bickert et al., 1997)

documents growth and decay of Northern Hemisphere
ice mass. High d 18O values mean large ice mass. It
contains the Mid-Pleistocene Transition (MPT), a rela-

tively sudden increase in mean ice mass at around 920
ka before present (BP) which led to Late Pleistocene
ice ages (see Mudelsee and Stattegger, 1997, Table 1

for further references). For ®t region, we choose the
same time interval, [500 ka; 1400 ka], as Mudelsee and
Stattegger (1997) for other records.
The ramp function ®t (Fig. 12, Table 2) con®rms

timing and abruptness of the MPT. The estimated
d 18O step agrees with results from other records. The
location of the ODP 925 drill hole (tropical W-Atlan-

tic) adds further evidence that the MPT was a global
climate phenomenon. Residual analysis (Fig. 13)
attests that made assumptions are valid and the ramp

form is suited. Dependency between the e�i � is con-
siderably strong (aÃ=0.81) which may be due to harmo-
nic components (Milankovitch frequencies of Earth
orbital parameter variations). That deviation from

AR(1) dependency should make the nonparametric
bootstrap (we take p = 0.7) the most reliable scheme.
However, all three resampling methods reveal nearly

zero bias of estimated parameters and no correlation
between them (exception: t̂1�� j � < t̂2�� j ��: Estimated
parameter uncertainties (Table 2) roughly agree with

those of previous quanti®cations of the MPT on other
records (Mudelsee and Schulz, 1997; Mudelsee and
Stattegger, 1997). The estimated uncertainties of tÃ1 and

tÃ2 are about 7±10 tis large as the average spa-
cing, justifying the coarse search grid.

5.2. 87-Sr/86-Sr

The 87-Sr/86-Sr record (Hodell et al., 1989), con-

structed from various marine sedimentary cores, docu-
ments the geochemical cycling of strontium in the late

Neogene ocean which is related to processes such as
chemical weathering of the continents, hydrothermal
circulation at mid-ocean ridges, and carbonate dissol-

ution on the sea¯oor. Hodell et al. ®tted a ramp func-
tion per eye (tÃ1=4.5 Ma, xÃ1=0.709025, tÃ2=5.5 Ma,
xÃ2=0.708925) and concluded that the 87-Sr/86-Sr

record additionally o�ers considerable potential as a
stratigraphic tool for the transition interval. At s(t ) we
overtake the reported measurement errors. (Per-eye ®t

of the standard deviation gave similar results.)
The ramp function regression carried out with

RAMPFIT (Fig. 14, Table 2) con®rms the ®ndings of
Hodell et al. Residual analysis (Fig. 15) attests that

made assumptions are valid and the ramp form is sui-
ted. There is no dependency between the e�i �, and all
three resampling schemes reveal the following similar

results: negligible biases for the estimated parameters
and minor correlation between them. The estimated
uncertainties of tÃ1 and tÃ2 (Table 2) are about as large

as the average spacing, which seems to be still accepta-
ble.

5.3. ODP 929

The ODP 929 d 18O time series (Zachos et al., 1997)
from the tropical W-Atlantic is a high-resolution
record of Global Change over the Oligocene/Miocene

boundary. Climate was moderately warm but punctu-
ated by episodes of global cooling. The ®rst and largest
such episode is Mi-1, at around 23.8 Ma BP. The

ODP 929 record mainly re¯ects changes in bottom
water temperature (signal proportion > 2/3 (J.C.
Zachos, pers. comm., 1998)), which enables us to
quantify the Mi-1 event. High d 18O values mean low

temperature. We use the same time interval, [23.4 Ma;
24.6 Ma], as Zachos et al. (1997: Fig. 1B) for analyzing
Mi-1.

A single ramp function would not provide an ade-
quate model for this data. This can be seen directly
from Fig. 16 and would also be revealed by residual

analysis. Instead we ®t two ramps, the older transition
corresponding to initial, strong cooling, the younger to
the following, minor warming (Fig. 16, Table 2). Re-
sidual analysis for the old part (Fig. 17) generally con-

®rms the ramp form. However, the Gaussian
assumption is eventually violated. Likewise, the re-
gression model cannot be rejected for the young part

(Fig. 18). But, a good alternative might be a harmonic
model for the mean which would describe the Mi-1
event as part of a 400 ka Milankovitch cyle, see also

Zachos et al. (1997). Bootstrap resampling does not in-
dicate estimation bias, except perhaps of minor degree
of xÃ1 and xÃ2 in the old part. For both parts the esti-

Fig. 12. Ramp function ®t (heavy line) to ODP 925 time series

(Tables 1 and 2). Grid boundaries for t1-search (dashed verti-

cal lines) and t2-search (solid).

M. Mudelsee / Computers & Geosciences 26 (2000) 293±307 301

Figure 2.1: δ18O, deep-sea sediment core ODP 925, fitted “ramp” (heavy line) as
estimated mean function, µ̂X(t). (The vertical lines denote search ranges for the
change points.) [from Mudelsee (2000) Computers & Geosciences 26:293–307]
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2.2 Variance Function

Definition

Let {X(t)} be a time series model with E[X(t)2] < ∞ ∀t ∈ T .
The variance function of X(t) is
σ2

X(t) = E[(X(t)− µX(t))2].

Note: Cauchy probability density function (invented well before Cauchy (1789–1857)),

f (x) = [1/(π · λ)] ·
[
1/(1 + ((x− θ)/λ)2)

]
, has no finite moments of order ≥ 1.

However, θ can be used as location parameter (instead of mean), λ as scale parameter
(instead of standard deviation).

Note: µ: order 1, σ2: order 2.
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mated uncertainties of tÃ1 and tÃ2 are about 3 times as
large as the average spacing.

6. Conclusions and summary

A method is presented accompanied by a Fortran 77
computer program (RAMPFIT), for ®tting a ramp
function (Fig. 1) to measured paleoclimatic time series.

. A brute-force search over a grid (Fig. 2) estimates t1
and t2, whereas a weighted LS estimation provides
xÃ1 and xÃ2. An intelligent search path reduces costs.

Further, RAMPFIT's interactive graphics facilitate
keeping the grid boundaries narrow. The example
time series (one arti®cial, three measured; n R 500)

Fig. 13. Standard deviation ®t and residual analysis for ODP 925 time series (Tables 1 and 3).

Fig. 14. Ramp function ®t (heavy line) to 87-Sr/86-Sr time

series (Tables 1 and 2). Grid boundaries for t1-search (dashed

vertical lines) and t2-search (solid).

M. Mudelsee / Computers & Geosciences 26 (2000) 293±307302

Figure 2.2: δ18O, deep-sea sediment core ODP 925, estimated σX(t) using a running
window with 100 points. The heavy line is a per-eye fit of σX(t). [from Mudelsee
(2000) Computers & Geosciences 26:293–307]
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2.3 Covariance Function

Definition

Let {X(t)} be a time series model with E[X(t)2] < ∞, ∀t ∈ T .
The covariance function of X(t) is
γX(r, s) = COV [X(r), X(s)] = E[(X(r)− µX(r)) · (X(s)− µX(s))] ∀s, r ∈ T .

Excursion: Covariance between two random variables, Y and Z



34 CHAPTER 2. STATIONARY TIME SERIES MODELS

-4 -2 0 2 4

-4

-2

0

2

4

Z

ρ = 0.0

-4 -2 0 2 4

-4

-2

0

2

4

-4 -2 0 2 4

-4

-2

0

2

4

-4 -2 0 2 4

Y

-4

-2

0

2

4

Z

-4 -2 0 2 4

Y

-4

-2

0

2

4

-4 -2 0 2 4

Y

-4

-2

0

2

4

ρ = 0.2 ρ = 0.4

ρ = 0.6 ρ = 0.8 ρ = 0.95

Figure 2.3: Y ∼ N(µ = 0, σ2 = 1), Z = ρ·Y +
√

1− ρ2E , E IID N(0, 1), n = 100.
Note: “∼” means “is distributed as.”
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E(Z) = E
[
ρ · Y +

√
1− ρ2E

]
= ρ · E(Y ) +

√
1− ρ2 · E(E) = 0.

Calculation of σ2
Z = VAR(Z) = VAR

[
ρ · Y +

√
1− ρ2E

]
We remember: E(aX + b) = aE[X ] + b
and VAR(X) = E[X2]− µ2

and have VAR(aX + b) = E[(aX + b)2]− [aE[X ] + b]2

= E[a2X2 + 2abX + b2]− a2(E(X))2 − 2abE(X)− b2

= a2E(X2) + 2abE(X) + b2 − a2(E(X))2 − 2abE(X)− b2

= a2[E(X2)− (E(X))2]
= a2VAR(X).

⇒ VAR(Z) = ρ2VAR(Y ) +
(
1− ρ2

)
VAR(E)

= ρ2 + (1− ρ2)
= 1.
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COV (Y, Z) = E [(Y − E(Y )) · (Z − E(Z))]

= E [Y · Z]

= E
[
Y ·
(
ρ · Y +

√
1− ρ2E

)]
= E

[
ρ · Y 2 +

√
1− ρ2 · Y · E

]
= ρ · E[Y 2] +

√
1− ρ2 · E[Y ] · E[E ]

= ρ · 1 +
√

1− ρ2 · 0 · 0
= ρ.

That means: Y ∼ N(0, 1) and Z ∼ N(0, 1). Both random variables vary not
independently from each other. They covary with a certain degree (ρ).
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COV (Y, Z) = E [(Y − E(Y )) · (Z − E(Z))]

= E [(Z − E(Z)) · (Y − E(Y ))]

= COV (Z, Y ).

COV (aW + bY + c, Z) = E [{(aW + bY + c)− (aE[W ] + bE[Y ] + c)} · {Z − E[Z]}]
= E [{(aW − aE[W ]) + (bY − bE[Y ]) + (c− c)} · {Z − E[Z]}]
= E [a(W − E[W ]) · {Z − E[Z]} + b(Y − E[Y ]) · {Z − E[Z]}]
= a · E [(W − E[W ]) · {Z − E[Z]}] + b · E [(Y − E[Y ]) · {Z − E[Z]}]
= a · COV (W, Z) + b · COV (Y, Z).

COV (E , Z) with E IID with mean zero and some variance

= E [(E − E[E ]) · (Z − E[Z])]

= E [E · Z] + E [E ] · E[Z]

= E [E ] · E[Z] + E [E ] · E[Z]

= 0 + 0 = 0.
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We take the example from Figure 2.3 and write

Y −→ X(t− 1)

Z −→ X(t) = ρ ·X(t− 1) +
√

1− ρ2E , E IID N(0, 1), t = 2, . . . , n,

X(1) ∼ N(0, 1).

⇒ X(t) ∼ N(0, 1), t = 1, . . . , n

COV [X(t− 1), X(t)] = COV [X(t), X(t− 1)] = ρ (independent of t).
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COV [X(t), X(t− 2)] = COV [ρ ·X(t− 1) +
√

1− ρ2E , X(t− 2)] (with E IID N(0, 1))

= ρ · COV [X(t− 1), X(t− 2)] +
√

1− ρ2 · COV [E , X(t− 2)]

= ρ · ρ = ρ2.

COV [X(t), X(t− 3)] = . . . homework . . . ρ3.

COV [X(t), X(t− h)] = ρh with h ≥ 0, independent on t, depends only on difference , h

⇒ COV [X(t), X(t + h)] = ρh with h ≥ 0 or

⇒ COV [X(t), X(t + h)] = ρ|h| with arbitrary h

Note: −1 ≤ ρ ≤ +1.
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2.4 Weak Stationarity

That means: The process

X(1) ∼ N(0, 1)

X(t) = ρ ·X(t− 1) +
√

1− ρ2E , E IID N(0, 1), t = 2, . . . , n,

• has mean function µX(t) = 0, independent from t,

• has variance function σ2
X(t) = 1, independent from t,

• has covariance function γX(r, s), written γX(t, t + h), = ρ|h|, independent from t

⇒ X(t) is a weakly stationary process.
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Definition

Let {X(t)} be a time series model with E[X(t)2] < ∞, r, s, t ∈ T .
{X(t)} is called weakly stationary or second-order stationary or just
stationary if
µX(t), σ2

X(t) and γX(r, s) are time-independent.

Remark 1

For weakly stationary processes we may write γX(r, s) = γX(t, t + h) =: γX(h), the
autocovariance function, and denote h as lag.
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Remark 2

COV (X(t), X(t + h)), for h = 0, = COV (X(t), X(t))
= E [(X(t)− E(X(t))) · (X(t)− E(X(t)))] = E

[
(X(t)− µX(t))2

]
= σ2

X(t).
Variance–covariance function γX(r, s).

Remark 3

Second-order stationarity: moments of first order (mean) and second order (variance,
covariance) time-independent.

Excursion: realisation of a weakly stationary process
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2.5 Examples

2.5.1 First-order Autoregressive Process

The process

X(1) ∼ N(0, 1)

X(t) = ρ ·X(t− 1) +
√

1− ρ2E , E IID N(0, 1), t = 2, . . . , n,

is called first-order autoregressive process or AR(1) process (or sometimes
Linear Markov process). It is weakly stationary.

Markov property: present system state optimal for prediction, information about past
states brings no improvement.
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2.5.2 IID(µ, σ2) Process

Let X(t) be IID with mean µ and variance σ2.

The mean function, µX(t), is evidently constant.

The variance–covariance function, γX(t, t + h), is zero for h 6= 0 (independence), and
is σ2 for h = 0.

⇒ X(t) is weakly stationary.

(We denote X(t) as IID(µ, σ2) process.)

2.5.3 Random Walk

X(t) =
∑

i=1,t S(i) with S IID(µ, σ2)

E[X(t)] =
∑

i=1,t E[S(i)] =
∑

i=1,t µ = t · µ
⇒ if µ 6= 0, then X(t) is not weakly stationary.
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Let µ = 0. Then

σ2
X(t) = E

[
(X(t)− µX(t))2

]
= E

[
(X(t))2

]
= E


∑

i=1,t

S(i)

2


= E [2S(1)S(2) + 2S(1)S(3) + . . . (mixed terms)

+S(1)2 + S(2)2 + . . . + S(t)2
]

= E
[
S(1)2 + S(2)2 + . . . + S(t)2

]
= t · σ2.

⇒ Also for µ = 0 is X(t) not weakly stationary (for σ 6= 0 but σ = 0 is really
uninteresting: no walk).
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2.6 EXCURSION: Kendall–Mann Trend Test

Climate is defined in terms of mean and variability (Eduard Brückner 1862–1927,
Julius von Hann 1839–1921, Wladimir Koeppen 1846–1940). In palaeoclimatology
and meteorology we are often interested in nonstationary features like climate tran-
sitions. For example, we may wish to test statistical hypothesis

H0: “Mean state is constant (µX(t) = const.).”
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1870 1890 1910 1930 1950 1970
t [year A.D.]

6.0

8.0

10.0

12.0
x [ft]

Figure 2.4: Lake Huron (reduced by 570 feet), with linear trend.

Null hypothesis, H0: “µX(t) = constant” versus
alternative hypothesis H1: “µX(t) decreases with time”.
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Time series data x(i), i = 1, . . . , n.

Test step 1: Calculate Kendall–Mann test statistic

S∗
sample =

n∑
i,j=1
i<j

sign [x(j)− x(i)] .

Notes

(1)
sign function (+1/0/− 1)

(2)
we have written the sample form.

Intuitively: we reject H0 in favour of H1 if S∗
sample is large negative.
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Under H0, the distribution of S∗ (population values X) has mean zero, variance

VAR(S∗) =
1

18

[
n(n− 1)(2n + 5)−

∑
u(u− 1)(2u + 5)

]
,

where u denotes the multiplicity of tied values.

Under H0, S∗ is asymptotically (i. e., for n →∞) normally distributed.

Test step 2: Using above formula, calculate the probability, p, that under H0 a

value of S∗ occurs which is less than the measured, S∗
sample.
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Test step 3: If p < α, a pre-defined level (significance level), then reject H0 in

favour of H1.

If p ≥ α, then accept H0 against H1.

Notes

(1)
probability α: error of first kind (rejecting H0 when it is true)
probability β: error of second kind (accepting H0 when it is false) (generally
more difficult to calculate)

(2)
Kendall–Mann test: nonparametric. We could also do a linear regression and test
whether slope parameter is significantly different from zero (parametric test).
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(3)
Here we have one-sided test.

Two-sided test:

Null hypothesis, H0: “µX(t) = constant” versus
alternative hypothesis H1: “µX(t) decreases or increases with time”.

Accept H0 against H1 if |S∗| is small.

(Formulation (one/two-sided) depends on circumstances.)

(4)
Literature:
Kendall MG (1938) A new measure of rank correlation. Biometrika 30:81–93.
Mann HB (1945) Nonparametric tests against trend. Econometrica 13:245–259.
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1870 1890 1910 1930 1950 1970
t [year A.D.]

6.0

8.0

10.0

12.0
x [ft]

Figure 2.5: Lake Huron. x = lake level, n = 98, test statistic S∗ = −1682. Ties:
u = 2 (double values) in 10 cases, u = 3 in 1 case. ⇒ VAR(S∗) = (1/18) · (98 · 97 ·
201− (10 · 2 · 1 · 9)− (1 · 3 · 2 · 11)) = 106136.67 ⇒ S∗/

√
VAR(S∗) = −5.16 ⇒ p =

Fnormal

(
S∗/
√

VAR(S∗)
)
≈ 0.000 000 29. ⇒ We may reject H0 (no trend) in favour

of H1 (downward trend) at any reasonable level of significance (0.10, 0.05, 0.025, 0.01,
0.001 . . . ).



2.7. STRICT STATIONARITY 53

2.7 Strict Stationarity

“These processes [stationary processes] are characterized by the feature that
their statistical properties do not change over time, and generally arise from
a stable physical [or climatological] system which has achieved a ‘steady-state’
mode. (They are sometimes described as being in a state of ‘statistical equilib-
rium’.) If {X(t)} is such a process then since its statistical properties do not
change with time it clearly follows that, e.g., X(1), X(2), X(3), . . . , X(t), . . . ,
must all have the same probability density function.
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However, the property of stationarity implies rather more than this since it fol-
lows also that, e.g., {X(1), X(4)} , {X(2), X(5)} , {X(3), X(6)} , . . . , must
have the same bivariate probability density function, and further
that, e.g., {X(1), X(3), X(6)} , {X(2), X(4), X(7)} , {X(3), X(5), X(8)} , . . . ,
must all have the same trivariate probability density function, and so
on. We may summarize all these properties by saying that, for any set of time
points t1, t2, . . . , tn, the joint probability density distribution [alternatively,
the joint probability density function] of {X(t1), X(t2), . . . , X(tn)}
must remain unaltered if we shift each time point by the same amount.
If {X(t)} possesses this property it is said to be ‘completely stationary’ [or
strictly stationary].”

Priestley (1981) Spectral Analysis and Time Series, Academic Press, London, page
104f. (Text in brackets & bold-type emphasizing, MM.)
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We repeat: Univariate normal distribution

f (x) =
1√
2π

1

σ
exp

[
−1

2

(
x− µ

σ

)2
]

.

moment 1. order (O) : mean = E[X ] =

∫
x f (x) dx = µ

moment 2. order (O) : variance = VAR[X ] =

∫
(x− µ)2 f (x) dx = σ2

⇒ First two moments completely determine probability density function.

2 3 4 5 6 7 8

x

0

0.1

0.2

0.3

0.4

f(x)
N(µ, σ2)
µ = 5
σ = 1

Figure 2.6: Normal distribution.
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We repeat: Bivariate normal distribution or binormal distribution

f (y, z) =
1

2π

1

σ1σ2

1√
1− ρ2

exp

{
− 1/2

1− ρ2

[(
y − µ1

σ1

)2

+

(
z − µ2

σ2

)2

− 2ρ

(
y − µ1

σ1

)(
z − µ2

σ2

)]}
.

Means µ1, µ2, variances σ2
1, σ2

2, covariance ρσ1σ2.
⇒ Moments of O ≤ 2 completely determine probability density function.
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2, ρ)
µ1 = 5, µ2 = 4,
σ1 = 1, σ2 = 3, ρ = 0.6
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Figure 2.7: Binormal density, marginal densities. ρ 6= 0 ⇒ ellipse (f = constant) in
direction σ1, σ2; axes ratio = (σ1/σ2)

√
(1− ρ)/(1 + ρ).
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Excursion: Ellipses (f = constant) of binormal distribution

[(
y − µ1

σ1

)2

+

(
z − µ2

σ2

)2

− 2ρ

(
y − µ1

σ1

)(
z − µ2

σ2

)]
= constant.

1. Transformation: shifting, stretching
y − µ1

σ1
= y′ or y = σ1y

′ + µ1,

z − µ2

σ2
= z′ or z = σ2z

′ + µ2.

⇒ y′
2
+ z′

2 − 2ρy′z′ = constant.
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2. Transformation: rotation (angle = −α, α > 0, clockwise)

y′′ = cos(α)y′ − sin(α)z′ or y′ = + cos(α)y′′ + sin(α)z′′,

z′′ = sin(α)y′ + cos(α)z′ or z′ = − sin(α)y′′ + cos(α)z′′.

⇒ cos2(α)y′′
2
+ sin2(α)z′′

2
+2 sin(α) cos(α)y′′z′′+ 2ρ sin(α) cos(α)y′′

2−2ρ cos2(α)y′′z′′

+ sin2(α)y′′
2
+ cos2(α)z′′

2−2 sin(α) cos(α)y′′z′′+ 2ρ sin2(α)y′′z′′−2ρ sin(α) cos(α)z′′
2

= constant.

⇒ y′′
2
[1 + 2ρ sin(α) cos(α)] + z′′

2
[1− 2ρ sin(α) cos(α)]− y′′z′′ · 2ρ

[
sin2(α)− cos2(α)

]
= constant.

In (y′′, z′′) system we wish to have an ellipse equation ⇒ mixed term must vanish ⇒ α = 45◦, that

is, in (y, z) system, ellipse is orientated from centre (µ1, µ2) in (σ1, σ2) direction.

It is sin(α) = cos(α) = (1/2)
√

2. It results:

y′′
2
[1 + ρ] + z′′

2
[1− ρ] = constant.
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The following ellipse equation results:

y′′2[
(constant)1/2 · (1 + ρ)−1/2

]2 +
z′′2[

(constant)1/2 · (1− ρ)−1/2
]2 = 1.

That means, in (y′′, z′′) system the ellipse axes have a ratio (length of axis parallel to y′′ over length

of axis parallel to z′′) of
√

(1− ρ) /(1 + ρ), in (y, z) system of (σ1/σ2)
√

(1− ρ) /(1 + ρ).
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Definition

Let (Y, Z) be a bivariate random variable with finite second-order moments.
The correlation coefficient of (Y, Z) is given by

COV (Y, Z)
/√

VAR[Y ] · VAR[Z].

It can be shown that the autocorrelation coefficient is, in absolute value, less than or
equal to 1 (Priestley 1981, page 79).

Binormal distribution: correlation coefficient = ρ. It determines shape of (f =
constant) ellipses.
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We extend: Multivariate normal distribution or multinormal distribution

f (x1, . . . , xt) =
1

(2π)t/2
1

∆1/2
exp

−1

2

 t∑
i=1

t∑
j=1

σij (xi − µi) (xj − µj)


Means µi; variances σii; covariances σij, i 6= j, i, j = 1, . . . , t; ∆ = det {σij}.

(E. g., binormal: σ11 = σ2
1, σ12 = ρσ1σ2.)

⇒ Moments of O ≤ 2 completely determine probability density function.

Note: All marginal distributions are normal.
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Definition

Let {X(t)} be a continuous time series model.
It is said to be strictly stationary or completely stationary if,
∀ admissible time points 1, 2, . . . , n, n + 1, n + 2, . . . , n + k ∈ T,
and any time shift k,
the joint probability density function of {X(1), X(2), . . . , X(n)}
is identical with
the joint probability density function of {X(1 + k), X(2 + k), . . . , X(n + k)}.

Remark 1: Moments of higher O (e. g., E[X(1)3 ·X(4)34 ·X(5)5 ·X(6)]), if finite,
are time-independent.

Remark 2: Discrete X : definition goes analogously.
Remark 3: Abbreviation: PDF = probability density function.
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2.8 Examples

2.8.1 Gaussian First-order Autoregressive Process

This process is already well known by us:

X(1) ∼ N(0, 1)

X(t) = ρ ·X(t− 1) +
√

1− ρ2E(t), E IID N(0, 1), t = 2, . . . , n.

Since

• X(t) ∼ N(0, 1), t = 1, . . . , n

• covariance COV [X(t), X(t + h)] = ρ|h|

⇒ The joint PDF of {X(t)} is multinormal with time-independent moments (O ≤ 2).

⇒ {X(t)} is strictly stationary.
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Definition

The process {X(t)} is said to be a Gaussian time series model if and
only if the PDFs of {X(t)} are all multivariate normal.

Remark: A Gaussian time series model is strictly stationary.
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2.8.2 IID(µ, σ2) Process

Because of independence:

f (x(1), x(2), . . . , x(t)) = f (x(1)) · f (x(2)) · . . . · f (x(n))

and

f (x(1 + h), x(2 + h), . . . , x(t + h)) = f (x(1 + h)) · f (x(2 + h)) · . . . · f (x(n + h)).

⇒ Identical functions f · f · . . . · f , no time-dependence.

⇒ Time-independent joint PDFs.

⇒ IID(µ, σ2) process is strictly stationary.
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2.8.3 “Cauchy Process”

Let {X(t)} be IID with Cauchy distribution f (x) = [1/(π · λ)]·
[
1/(1 + ((x− θ)/λ)2)

]
.

See preceding Subsection.

⇒ Time-independent joint PDFs.

⇒ “Cauchy process” is strictly stationary.

But: Since it possesses no finite moments

⇒ “Cauchy process” is not weakly stationary.
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2.9 Properties of Strictly Stationary Processes {X(t)}

1. Time-independent joint PDFs (definition).

2. The random variables X(t) are identically distributed.

3. If moments of O ≤ 2 are finite, then {X(t)} is also weakly stationary.

4. Weak stationarity does not imply strict stationarity.

5. A sequence of IID variables is strictly stationary.
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2.10 Autocorrelation Function

Definition

Let {X(t)} be a weakly stationary process.
The autocorrelation function of X(t) is
ρX(h) = γX(h) /γX(0) = COV [X(t), X(t + h)] /VAR[X(t)].
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Example:

Gaussian AR(1) process {X(t)} has ρX(t) = ρ|h| /1 = ρ|h|.

Now, let X ′(t) = c ·X(t). Then

γX ′(t) = COV [c ·X(t), c ·X(t + h)]

= c · c · COV [X(t), X(t + h)]

= c2 · γX(t)

and

ρX ′(t) = COV [c ·X(t), c ·X(t + h)] /VAR[c ·X(t)]

= c · c · COV [X(t), X(t + h)]
/[

c2 · VAR[X(t)]
]

= ρX(t).
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2.11 Asymptotic Stationarity

(See Priestley 1981, page 117ff.) Let

X(1) = E(1)

X(t) = E(t) + aX(t− 1),

with E(t) = IID(µε, σ
2
ε ), t = 2, . . . , n. Use repeated substitution to obtain

X(t) = E(t) + a (E(t− 1) + aX(t− 2))

= . . .

= E(t) + aE(t− 1) + a2E(t− 2) + . . . + at−1E(1).

⇒ E [X(t)] = µε

(
1 + a + a2 + . . . + at−1

)
(use geometric series)

=

{
µε ((1− at) /(1− a)) , a 6= 1,

µεt a = 1.
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If µε = 0, then {X(t)} is stationary up to O 1. If µε 6= 0, then {X(t)} is not stationary even to O 1.

However, if |a| < 1, then

E [X(t)] ≈ µε/(1− a), for large t,

and we may call {X(t)} “asymptotically stationary” to O 1.

From now assume µε = 0.

VAR [X(t)] = E
[{
E(t) + aE(t− 1) + a2E(t− 2) + . . . + at−1E(1)

}2
]

(mixed terms vanish)

= σ2
ε

(
1 + a2 + a4 + . . . + a2t−2

)
(use geometric series)

=

{
σ2

ε

(
(1− a2t)

/
(1− a2)

)
, |a| 6= 1,

σ2
ε t |a| = 1.
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Similarly, if r ≥ 0,

COV [X(t), X(t + r)] =

E [X(t) ·X(t + r)] = E
[{
E(t) + aE(t− 1) + a2E(t− 2) + . . . + at−1E(1)

}
·{

E(t + r) + aE(t + r − 1) + a2E(t + r − 2) + . . . + at+r−1E(1)
}]

= σ2
ε

(
ar + ar+2 + . . . + ar+2t−2

)
=

{
σ2

εa
r
(
(1− a2t)

/
(1− a2)

)
, |a| 6= 1,

σ2
ε t |a| = 1.

Both VAR [X(t)] and COV [X(t)] are time-dependent and {X(t)} is not stationary up to O 2.

However, if |a| < 1, then, for large t,

VAR [X(t)] ≈ σ2
ε

/
(1− a2) ,

COV [X(t), X(t + r)] ≈ σ2
εa

r
/
(1− a2) ,

and we may call {X(t)} “asymptotically stationary” to O 2.
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⇒ In practice:

An observed AR(1) process likely satisfies “t large” (i. e., asymptotic stationarity).

However, one could equivalently assume a process with
√

1− ρ2 normalization (i. e.,
strict stationarity (if Gaussian)) and use X ′(t) = c · X(t) for allowing unknown
variance.
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2.12 AR(2) Process

Definition

{X(t)} is called a second-order autoregressive or AR(2) process if it
satisfies the difference equation
X(t) + a1X(t− 1) + a2X(t− 2) = E(t),
where a1, a2 are constants and E(t) is IID(µε, σ

2
ε ).

Note: We brought past X to the left-hand side.

Note: Without loss of generality we assume µε = 0.
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0 50 100 150 200 250
t

-5.0
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5.0
x

Figure 2.8: 250 observations from AR(2) process X(t)−0.3X(t−1)+0.2356X(t−2) =
E(t) with σ2

ε = 1. Note pseudo-periodicity (period T ≈ 5).
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Our aim: • study stationarity conditions of AR(2) process
• learn about pseudo-periodicity

Introduce the backshift operator, B: BX(t) = X(t− 1).

⇒ B0 = 1, B2X(t) = X(t− 2) etc.
⇒ AR(2) equation:(

1 + a1B + a2B
2
)
X(t) = E(t).

We follow Priestley (1981, page 125ff) and write AR(2) equation:

(1−m1B) · (1−m2B)X(t) = E(t)

where m1, m2, assumed distinct, are the roots of the quadratic f (z) = z2 + a1z + a2.



2.12. AR(2) PROCESS 77

Excursion: The equation

f (z) = z2 + a1z + a2
!
= 0

has two solutions,

m1 = −a1

2
+

√
a2

1

4
− a2, m2 = −a1

2
−
√

a2
1

4
− a2,

for which

(1−m1B) · (1−m2B) = 1−m1B −m2B + m1m2B
2

= 1 + a1B + a2B
2.
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The particular solution of the AR(2) equation is

X(t) =

[
1

(1−m1B) · (1−m2B)

]
E(t)

=
1

(m1 −m2)

[
m1

(1−m1B)
− m2

(1−m2B)

]
E(t) (CHECK AT HOME !)

=
1

(m1 −m2)

[ ∞∑
s=0

(
ms+1

1 −ms+1
2

)
Bs

]
E(t) (GEOMETRIC SERIES)

=

∞∑
s=0

(
ms+1

1 −ms+1
2

m1 −m2

)
E(t− s). (PARTICULAR SOLUTION)
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The solution of the homogeneous AR(2) equation,

X(t) + a1X(t− 1) + a2X(t− 2) = 0

or

(1−m1B) · (1−m2B)X(t) = 0

or

(1−m1B −m2B −m1m2B
2)X(t) = 0,

is given (for m1 6= m2) by:

X(t) = A1m
t
1 + A2m

t
2

with constants A1, A2.
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General solution = particular solution + solution of homogeneous equation,

X(t) = A1m
t
1 + A2m

t
2 +
∑∞

s=0

(
ms+1

1 −ms+1
2

m1−m2

)
E(t− s).

⇒ Conditions for asymptotic stationarity (t →∞):

|m1| < 1, |m2| < 1.
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2.12.1 Stationary conditions—complex/coincident roots

|m1| < 1, |m2| < 1.

See last Excursion:
√
≤ 0 ⇒ a2 ≥

a2
1
4

|m1| =
[
Re(m1)

2 + Im(m1)
2
]1

2 =
√

a2 ⇒ stationarity for a2 < 1, similarly for m2.

-2 2

1

a1

a2

Figure 2.9: AR(2) process with complex/coincident roots, region of stationarity.
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2.12.2 Stationary conditions—unequal real roots

|m1| < 1, |m2| < 1.

See last Excursion:

(I)
√

> 0 ⇒ a2 <
a2
1
4

(II) f (z) has its minimum at z = −a1/2. For the roots of f to lie within [−1; +1],
|a1| must be < 2.

(III) For the roots of f to lie within [−1; +1], we must also have f (z = +1) > 0 and
f (z = −1) > 0, that is, a2 > −1− a1 and a2 > −1 + a1.



2.12. AR(2) PROCESS 83

-2 2

1

a1

a2

-1 0 1

-a1/2

z

f(z)(a) (b)

Figure 2.10: (a) AR(2) process, polynomial f (z) = z2 + a1z + a2. (b) AR(2) process
with unequal real roots, region of stationarity (dark grey), same for AR(2) process
with complex/coincident roots (light grey).
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2.12.3 Variance and Autocorrelation Function

Excursion: Priestley (1981, page 127ff).

σ2
X =

(1 + a2)σ
2
ε

(1− a2)(1− a1 + a2)(1 + a1 + a2)
> 0,

ρ(r) =
(1−m2

2)m
r+1
1 − (1−m2

1)m
r+1
2

(m1 −m2)(1 + m1m2)
, r ≥ 0.

(For r < 0, ρ(r) = ρ(−r).)

Excursion: gnuplot views of ρ(r)
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Pseudo-periodicity, complex roots, a2 > a2
1/4

m1, m2 are then complex conjugates, therefore write

m1 =
√

a2 exp(−iΘ), m2 =
√

a2 exp(+iΘ), where

−a1 = m1 + m2 = 2
√

a2 cos Θ.

Setting tan Ψ =

(
1 + a2

1− a2

)
tan Θ,

we obtain for the autocorrelation of an AR(2) process:

ρ(r) = a
r/2
2

(
sin(rΘ + Ψ)

sin Ψ

)
.
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Damping factor a
r/2
2 .

Periodic function
(

sin(rΘ)+Ψ
sin Ψ

)
with period (2π/Θ).

(See Fig. 2.8: period = 5.)

ρ(r) measures “how similar” the process X and a shifted copy of it are. Shifted
by one period, X(t + period) is “similar” to X(t). That means: Also X(t) has
pseudo-periodicity.

Analogue: physics, pendulum (X = angle) in medium with friction (coefficient η),
forces/mass:

Ẍ(t) + ηẊ(t) + βX(t) = E(t).

E(t): forcing by random impulses.
Differential equation, continuous time.
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2.13 AR(p) Process

Definition

{X(t)} is called an autoregressive process of order p or
AR(p) process if it satisfies the difference equation
X(t) + a1X(t− 1) + . . . + apX(t− p) = E(t),
where a1, . . . , ap are constants and E(t) is IID(µε, σ

2
ε ).

Use backshift operator, B, and write AR(p) equation:

α(B)X(t) = E(t),

where

α(z) = 1 + a1z + . . . + apz
p.
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Following Priestley (1981, page 132ff), the formal solution of AR(p) equation is

X(t) = g(t) + α−1(B)E(t),

where g(t) is the solution to the homogeneous equation α(B)X(t) = 0, given by

g(t) = A1m
t
1 + . . . + Apm

t
p,

where A1, . . . , Ap are constants and m1, . . . ,mp are the roots of the polynomial

f (z) = zp + a1z
p−1 + . . . + ap.

As in the AR(2) case: For (asymptotic) stationarity we require that g(t) → 0 as
t → ∞. Therefore: all roots of f (z) must lie inside the unit circle (complex plane).
Since the roots of f (z) are the reciprocals of the roots of α(z) we require:
all roots of α(z) must lie outide the unit circle.
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(See AR(2) case.)

1. Assume without loss of generality µε = 0 (and, hence, E[X(t)] = 0),

2. multiply the AR(p) equation with X(t− r) for r ≥ p,

3. take expectations,

to obtain

ρ(r) + a1 · ρ(r − 1) + . . . + ap · ρ(r − p) = 0, r = p, p + 1, . . . ,

pth-order linear difference equations, of exactly same form as the left-hand side of the
AR(p) equation: they are called Yule–Walker equations.
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General solution to the Yule–Walker equations (assuming f (z) has distinct roots):

ρ(r) = B1m
|r|
1 + . . . + Bpm

|r|
p ,

where B1, . . . , Bp are constants.

(See AR(2) case.)

All roots mj real ⇒ ρ(r) decays smoothly to zero.
At least one pair of the mj’s complex ⇒ ρ(r) makes damped oscillations.

Theory
If ρ(r) would be known, we could calculate a1, . . . , ap from the Yule–Walker equations.

Practice
ρ(r) is unknown and we substitute estimates, ρ̂(r) (see Chapter 3).
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2.14 Moving Average Process

Definition

{X(t)} is called a moving average process of order q or
MA(q) process if it satisfies the equation
X(t) = b0E(t) + b1E(t− 1) + . . . + bqE(t− q),
where b0, . . . , bq are constants and E(t) is IID(µε, σ

2
ε )∀t.

Written with backshift operator: X(t) = β(B)E(t), where β(z) = b0+b1z+. . .+bqz
q.

Without loss of generality: b0 = 1.
(Otherwise: define E∗(t) = b0 · E(t), and now X(t) has an MA form with b0 = 1.)

Without loss of generality: µε = 0(⇒ E[X(t)] = 0).

(Otherwise: define X∗(t) = X(t)−
[∑q

j=0 bj

]
· µε, and now X∗(t) has zero mean.)
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“The purely random process, {E(t)}, forms the basic ‘building block’ used in
constructing both the autoregressive and moving average models, but the dif-
ference between the two types of models may be seen by noting that in the au-
toregressive case X(t) is expressed as a finite linear combination of its own past
values and the current value of E(t), so that the value of E(t) is ‘drawn into”
the process {X(t)} and thus influences all future values, X(t), X(t + 1), . . ..
In the moving average case X(t) is expressed directly as a linear combination of
present and past values of the {E(t)} process but of finite extent, so that E(t)
influences only (q) future values of X(t), namely X(t), X(t+1), . . . , X(t+q).
This feature accounts for the fact that whereas the autocorrelation function
of an autoregressive process ‘dies out gradually’, the autocorrelation function
of an MA(q) process, as we will show, ‘cuts off’ after point q, that means,
ρ(r) = 0, |r| > q.

Priestley (1981, page 136)



2.14. MOVING AVERAGE PROCESS 93

Moving average process: is strictly stationary with

(1) variance σ2
X = σ2

ε

(
b2
0 + b2

1 + . . . + b2
q

)
,

(2) autocorrelation ρ(r) =
1

σ2
X

E [X(t) ·X(t− r)]

=
1

σ2
X

E [{b0E(t) + b1E(t− 1) + . . . + bqE(t− q)} ·

{b0E(t− r) + b1E(t− r − 1) + . . . + bqE(t− r − q)}]

(only terms with common time survive)

=


σ2

ε

σ2
X

(brb0 + br+1b1 + . . . + bqbq−r) , 0 ≤ r ≤ q,

0, r > q,

ρ(r) = ρ(−r), r < 0.
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Figure 2.11: 250 observations from MA(2) process X(t) = 1.0 · E(t) + 0.7 · E(t− 1) +
0.2 · E(t− 2) with µε = 0 and σ2

ε = 1.
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Figure 2.12: Autocorrelation function from MA(2) process in Fig. 2.11.
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2.15 ARMA Process

Definition

{X(t)} is called a
mixed autoregressive/moving average process of order (p, q) or
ARMA(p, q) process if it satisfies the equation
X(t) + a1X(t− 1) + . . . + apX(t− p) = b0E(t) + b1E(t− 1) + . . . + bqE(t− q),
where a1, . . . , ap, b0, . . . , bq are constants and E(t) is IID(µε, σ

2
ε )∀t.

Note: ARMA model includes both pure AR and MA processes (by setting “the other”
constants zero): ARMA(0, q) = MA(q) and ARMA(p, 0) = AR(p).

Written with backshift operator: α(B)X(t) = β(B)E(t).
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Figure 2.13: 250 observations from the ARMA(2, 2) process X(t) + 1.4X(t − 1) +
0.5X(t− 2) = 1.0 · E(t)− 0.2 · E(t− 1)− 0.1 · E(t− 2) with µε = 0 and σ2

ε = 1.
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General (asymptotic) stationary solution to ARMA(p, q) process:

X(t) = α−1(B) β(B) E(t).

That means: the solution is a ratio of two polynomials.

Analogously to the AR(p) or MA case, we can now multiply both sides of the ARMA
equation by X(t−m), m ≥ max(p, q + 1), take expectations, noting that X(t−m)
will be uncorrelated with each term on the right-hand side of the ARMA equation
if m ≥ (p + 1) and obtain a difference equation for the autocorrelation, ρ(r) (see
Priestley 1981, page 140). This equation, for large r, has the same form as the
respective equation in the pure AR case. Hence, for large r, the stationary ARMA
solution resembles the AR solution: a mixture of decaying and damped oscillatory
terms.
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ARMA model:

• only a finite number of parameters required

• nevertheless: wide range of applications, good model for stationary processes

ARMA model:
Assume true model is ARMA(1, 1). Try to describe it as pure MA(q) process:

b′0 + b′1z

1 + a′1z
!
=

b0 + b1z + b2z
2 + . . . + bqz

q

1

Normally, we would need many MA terms (q large) to achieve a reasonably good
expansion with the right-hand side—or q = ∞ terms for exactness.
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Similarly, try to describe ARMA(1, 1) as AR(p) process: From the general stationary
solution

X(t) = α−1(B) β(B) E(t)

we obtain

β−1(B) α(B) X(t) = E(t)

and we would, normally, need p = ∞ AR terms.
Thus, an ARMA model can offer a stationary solution with considerably fewer pa-
rameters. (⇒ Philosophy of Science, parsimony.)
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We stop here with time series models and only note that there exist:

• General linear process: infinite number of parameters (interesting for math-
ematicians)

• Nonlinear processes: as can be anticipated, very many of those exist, and
there is space for research. One example: Threshold autoregressive process,

X(t) =

{
a(1)X(t) + E (1)(t), if X(t− 1) < d,

a(2)X(t) + E (2)(t), if X(t− 1) ≥ d.

See Tong H (1990): Non-linear Time Series. Clarendon Press, Oxford, 564 pp.



Chapter 3

Fitting Time Series Models to Data

3.1 Introduction

We remember:

A process, X(t), with its population characteristics (mean function, variance function,
autocorrelation function, etc.) has been observed: time series {t(i), x(i)}n

i=1. We wish
to estimate population characteristics from the time series.

Excursion: mean estimator and variance estimator, estimation bias

102
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3.1.1 Mean Estimator

Let {x(i)}n
i=1 be sampled from a process {X(i)} which is identically distributed with

finite first moment: mean µ. Consider the estimator (µ̂) sample mean or sample
average (x̄):

µ̂ = x̄ =

n∑
i=1

x(i)

/
n,

and calculate its expectation:

E [µ̂] = E

[
n∑

i=1

X(i)

/
n

]
=

1

n

n∑
i=1

E [X(i)] =
1

n

n∑
i=1

µ = µ.

That means: E [µ̂]− µ = 0, no bias.
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3.1.2 Variance Estimator

Let {x(i)}n
i=1 be sampled from a process {X(i)} which is identically distributed with

finite first moment (mean µ) and finite second moment, variance σ2. Consider the

estimator (σ̂2
(n)):

σ̂2
(n) =

n∑
i=1

(x(i)− x̄)2
/

n,

(note that mean is unknown and also estimated) and calculate its expectation (X̄ be

the population average
∑n

j=1 X(j)
/

n):
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E
[
σ̂2

(n)

]
= E

[
n∑

i=1

(
X(i)− X̄

)2/
n

]
=

1

n

n∑
i=1

E
[(

X(i)− X̄
)2]

=
1

n

{
n∑

i=1

E
[
X(i)2

]
− 2

n∑
i=1

E
[
X(i) · X̄

]
+

n∑
i=1

E
[
X̄2
]}

=
1

n


n∑

i=1

(
σ2 + µ2

)
− 2

n∑
i=1

E

X(i) · 1

n

n∑
j=1

X(j)

 +

n∑
i=1

E


1

n

n∑
j=1

X(j)

2

 .

The second term on the right-hand side contains expectation of:

X(1)2+ X(1) ·X(2)+ X(1) ·X(3) + . . . + X(1) ·X(n)+

X(2)2+ X(2) ·X(1)+ X(2) ·X(3) + . . . + X(2) ·X(n)+

+ . . . +

X(n)2+ X(n) ·X(1)+ X(n) ·X(2) + . . . + X(n) ·X(n− 1).
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Thus, the second term within {} on the right-hand side gives

−2

n

(
n∑

i=1

E
[
X(i)2

]
+ (n− 1) · µ2 · n

)
= −2

n

(
n · (σ2 + µ2) + (n− 1) · µ2 · n

)
= −2

(
σ2 + µ2 + µ2(n− 1)

)
.

The third term on the right-hand side contains expectation of:

X(1)2+ 2X(1) ·X(2)+ 2X(1) ·X(3) + . . . + 2X(1) ·X(n)+

X(2)2+ 2X(2) ·X(3) + . . . + 2X(2) ·X(n)+

+ . . . +

X(n− 1)2+ 2X(n− 1) ·X(n)+

X(n)2.
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Thus, the third term within {} on the right-hand side gives

+
1

n

(
n∑

i=1

E
[
X(i)2

]
+ 2µ2 [(n− 1) + (n− 2) + . . . + 1]

)
= +

1

n

(
n · (σ2 + µ2) + 2µ2 · n(n− 1)/2

)
= σ2 + µ2 + µ2(n− 1).

Thus,

E
[
σ̂2

(n)

]
=

1

n

{
n(σ2 + µ2)− 2(σ2 + µ2 + µ2(n− 1)) + (σ2 + µ2 + µ2(n− 1))

}
=

1

n

{
nσ2 + nµ2 − σ2 − µ2 − µ2(n− 1)

}
=

n− 1

n
σ2.

That means: E
[
σ̂2

(n)

]
− σ2 < 0, negative bias.
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Now, define

σ̂2
(n−1) =

n

n− 1
σ̂2

(n) =

n∑
i=1

(x(i)− x̄)2
/

(n− 1),

then σ̂2
(n−1) has no bias.
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3.1.3 Estimation Bias and Estimation Variance, MSE

Consider the sample mean (see last Subsection),

µ̂ = x̄ =

n∑
i=1

x(i)

/
n,

which has expectation µ. To calculate the variance of µ̂, we first need the variance of
the sum of two random variables.

VAR [X + Y ] = E
[
((X + Y )− (µX + µY ))2

]
= E

[
((X − µX) + (Y − µY ))2

]
= E

[
(X − µX)2 + (Y − µY )2 + 2(X − µX) · (Y − µY )

]
= σ2

X + σ2
Y + 2COV [X,Y ] = VAR [X ] + VAR [Y ] + 2COV [X, Y ]

(for X and Y uncorrelated)

= VAR [X ] + VAR [Y ] .
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Now we can calculate (using the “population version” of µ̂)

VAR [µ̂] = VAR

[
1

n

n∑
i=1

X(i)

]
(for X(i) uncorrelated)

=
1

n2

n∑
i=1

VAR [X(i)]

=
1

n2
· n · σ2 =

σ2

n
.

The estimation variance for the mean estimator decreases with n as ∼ 1/n.
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The variance of the variance estimator, σ̂2
(n−1), is more complex to calculate. We

mention that it includes the fourth moment of the distribution of X(i) and that it
decreases with n approximately as∼ 1/n (see chapter 12 in Stuart and Ord (1994)
Kendall’s Advanced Theory of Statistics, Vol. 1. 6th Edn., Edward Arnold, London).

Definition

Let θ be a parameter of the distribution of a random variable, X , and θ̂ be
an estimator of θ. The bias of θ̂ is its expected, or mean, error,

bias := E
[
θ̂
]
− θ.

Note: bias < 0 means θ̂ underestimates

bias > 0 means θ̂ overestimates

bias = 0 or θ̂ unbiased
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Definition

Let θ be a parameter of the distribution of a random variable, X , and θ̂ be
an estimator of θ. The mean-squared error (or MSE) of θ̂ is

MSE := E

[(
θ̂ − θ

)2
]
.

MSE = E

[{(
θ̂ − E[θ̂]

)
−
(
θ − E[θ̂]

)}2
]

= E

[(
θ̂ − E[θ̂]

)2
]

+
(
θ − E[θ̂]

)2

− 2
(
θ − E[θ̂]

)
· E
[
θ̂ − E[θ̂]

]
︸ ︷︷ ︸

0

= VAR
[
θ̂
]

+ (bias)2 .
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Definition

Let θ be a parameter of the distribution of a random variable, X , and θ̂ be
an estimator of θ. θ̂ is said to be consistent if with increasing sample size, n, its
MSE goes to zero.

We may construct various estimators for the same parameter, θ. Unbiasedness is
certainly a desirable property—but not everything.

It “promote[s] a nice feeling of scientific objectivity in the estimation process”

Efron and Tibshirani (1993) An Introduction to the Bootstrap. Chapman and Hall,
New York, page 125.

Low estimation variance is also desirable. We may use MSE as criterion for the quality
of an estimator. Also consistency is a nice property for an estimator.
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Example of a rather silly (for n > 1) mean estimator:

µ̂silly =

1∑
i=1

x(i)

Construction of good estimators can be rather complex and may depend on the
circumstances (see next Subsection)—it is also a kind of art.

3.1.4 Robust Estimation

“Robustness is a desirable but vague property of statistical procedures. A
robust procedure, like a robust individual, performs well not only under ideal
conditions, the model assumptions that have been postulated, but also under
departures from the ideal. The notion is vague insofar as the type of departure
and the meaning of ’good performance’ need to be specified.”

Bickel P (1988) Robust estimation. In: Kotz S, Johnson NL (Eds.) Encyclopedia of
statistical sciences, Vol. 8. Wiley, New York, 157–163.
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Excursion: normal assumption (X ∼ N(µX, σ2
X)), income of students in Leipzig

Population: mean µ = 550 EUR, std = σ = 50 EUR
median = 550 EUR

Sample: sample mean, E[x̄] = 550 EUR, STD[x̄] = σ/
√

n

sample median, E[M̂ED] = 550 EUR

(The unbiasedness of MED is intuitively clear.)

Now, Z. Zidane and L. Figo decide to study Meteorology in Leipzig as second career
⇒ right-skewed income distribution.

Sample estimates of mean—but not of median—depend critically on whether or not
at least one of them is included.

⇒ STD[x̄] is now rather large.
⇒ X̄ as estimator of centre of location is non-robust, median is robust.
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α-trimmed mean

From the sorted data, {X ′(i)}n
i=1, take only the central (1− 2 · α) · 100 percent,

X ′(INT (nα + 1)), . . . , X ′(INT (n− nα)), where INT is the integer function.

Note:
median = α-trimmed mean with α = 1/2.
mean = α-trimmed mean with α = 0.

A robust estimator usually is less efficient (has larger estimation variance) than
its non-robust counterpart. However, if the circumstances indicate that assumptions
(like normal assumption) might be violated—use robust estimator!

3.1.5 Objective of Time Series Analysis

We wish to understand the process we have observed. Our data: a univariate time
series, {t(i), x(i)}n

i=1. In particular:
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1. Have we indeed observed the right process? Are there mis-recordings or gross mea-
surement errors, that means, outliers? Might also the outliers bear information—
analyse them!

2. Is there a long-term trend in µX(t)? Which form—linear, parabolic, or something
else? How strong? Estimate trend parameters, give numbers! (Better testable,
less “geophantasy”.)

3. Are there shifts in µX(t) or σ2
X(t)? Quantify! We could also name such behaviour

a trend.

4. Is there a seasonal signal? Quantify! We could also subsume a seasonal signal
under “trend”.

5. The remaining part, denoted as noise, we assume, is a realisation of a stationary
time series model. Find model type. Example: is it an MA model or should we
include AR terms (i. e., ARMA)? Estimate model parameters!
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Mathematically, we have splitted, or decomposed, the observed process:

X(t) = Xtrend(t)︸ ︷︷ ︸+ O(t)︸︷︷︸+ N(t)︸︷︷︸
long-term behaviour, outlier noise

seasonal signal,

shifts, step changes, etc.

Note: Here we see “trend” as a rather general feature.

3.1.5.1 Our Approach

In climatology and meteorology, we are more interested in the estimation of those
trends. Also outliers might provide interesting information. Less emphasis is on the
noise process and its estimation (and thus on prediction). This is motivated as follows.

1. We wish to quantify “Climate change”, a nonstationary phenomenon.
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2. Extreme climate/weather events (i. e., “outliers”) are scarcely understood. They
deserve attention.

3. Methodical problem with uneven spacing of time series: It is rather difficult, or
even not possible, to formulate a more complex model in presence of an uneven
spacing. The simple AR(1) model for uneven spacing seems to be sufficient.

4. Climate prediction is presumably better done using a climate model.

3.1.5.2 Other Approaches

From other approaches, we mention the Box–Jenkins recipe:

1. detrend by differencing,

2. calculate sample autocorrelation functions to

3. identify model, ARMA(p, q),
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4. estimate model parameters (which enables you to predict),

5. stop if remaining noise is sufficiently white (verified model), otherwise try new
model.

Its emphasis is on prediction—successful since the 1970s in economics and further
fields. Reference:
Box GEP, Jenkins GM, Reinsel GC (1994) Time series analysis: forecasting and

control. 3rd Edn., Prentice-Hall, Englewood Cliffs, NJ [1970, 1st Edn., Holden-
Day, San Francisco].

3.2 Estimation of the Mean Function

In the remaining time we can look only at a few methods, beginning to develop
our approach. Obviously, the mean climate state is important to analyse in its time-
dependence. Linear regression is a parametric method for trend estimation, smoothing
a nonparametric method. Which to apply depends on circumstances.
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3.2.1 Linear Regression

x(i) = a + b · t(i) + ε(i), i = 1, . . . , n.

See Section 1.3.2.

• Parametric method

• Least-squares estimates, â and b̂, minimize S(a, b) =
∑n

i=1[x(i)− a− b · t(i)]2.
• Gauss (1821, Theoria combinationes erroribus minimis obnoxiae, Part 1. In:

Werke, Vol. 4, 1–108 [cited after Odell PL (1983) Gauss–Markov theorem. In:
Kotz S, Johnson NL (Eds.) Encyclopedia of statistical sciences, Vol. 3. Wiley,
New York, 314–316]) showed that for the error process, E(i), being ∼ IID(0, σ2),
the LS estimates have minimum estimation variance among all unbiased estimates.
Further assuming the error process to be Gaussian distributed (Gaussian or nor-
mal assumption), the LS estimates have advantageous properties as consistency
or are themselves normally distributed.
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• Residual analysis to test (1) linear relation and (2) Gaussian assumption:

1. constant error, σ (otherwise, transform data by dividing x(i) by σ̂(i), ⇒
weighted LS)

2. independent errors (otherwise, take serial error dependence into account, ⇒
generalized LS)

3. normally distributed errors (otherwise, remove and analyse outliers, or use
robust regression such as sum of absolute deviations or a median criterion)

Excellent book (besides Montgomery & Peck (1993)):
Draper NR, Smith H (1981) Applied Regression Analysis. 2nd Edn., Wiley, New

York. [Note: 3rd Edn. exists]

Further topics not covered here: determination of estimation variance of â and b̂,
significance test (slope = 0), errors also in t(i).
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3.2.2 Nonlinear Regression

Parametric method. Note: nonlinear in parameters.

For example x(i) = a + b · exp[c · t(i)] + ε(i), i = 1, . . . , n,

LS sum S(a, b, c) =

n∑
i=1

[x(i)− a− b · exp[c · t(i)]]2 .

Setting the first derivative equal to zero, we see that there is no analytic solution.
That means, we have to use numerical method:

1. start at point (a(0), b(0), c(0)) (guessed),

2. move towards the minimum using, for example, the gradient of S at point (a(j), b(j), c(j)),

3. stop when S decreases less than pre-defined value (⇒ machine precision) and
(a(j+1), b(j+1), c(j+1)) lies nearer than pre-defined value to (a(j), b(j), c(j)).

Reference: Seber GAF, Wild CJ (1989) Nonlinear Regression. Wiley, New York.
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3.2.3 Smoothing or Nonparametric Regression

We do not assume a particular parametric model for the data, x(i) versus t(i), but
simply describe them as mean function plus noise:

x(i) = µX(i) + ε(i), i = 1, . . . , n.

To estimate µX(i) all smoothing methods employ a kind of window and use the
data x(i) inside (e. g., by calculating their average). The assigned time value is, for
example, the mean, or the median, of t(i) ∈ window. The window is shifted along
the time axis. The resulting curve looks smoother that the original curve.
Obviously, the broader a window, the more data it contains and the smaller the
estimation variance of µX(i). However, more likely then data from regions where
µX 6= µX(i) affect the smoothing estimate: systematic error or bias. Thus, there
appears the

smoothing problem: Which smoothing window width to choose?
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3.2.3.1 Running Mean

The window contains a fixed number, 2k + 1, of points. The estimate is calculated as

µ̂X(i) =
1

2k + 1

+k∑
j=−k

x(i + j), i = 1 + k, . . . , n− k,

with assigned time value, t(i).

Excursion: Running mean smoothing.

Notes:

• For convenience we assume the number of window points odd.

• Boundary effects.

• All window points have same weight.

• Non-robust against outliers.
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3.2.3.2 Running Median

Running median,

µ̂X(i) = MED {x(i + j), j = −k, . . . , +k} , i = 1 + k, . . . , n− k,

is robust against outliers. We will use running median smoothing for outlier detection.
There we shall also give rules for selecting k.

3.2.3.3 Reading

As can be anticipated, many more smoothing methods exist. For example, we could
use a fixed window width (time units), or use weighting, with more weight on points
in the window centre.
Buja A, Hastie T, Tibshirani R (1989) Linear smoothers and additive models. The

Annals of Statistics 17:453–510.
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Härdle W (1990) Applied nonparametric regression. Cambridge University Press,
Cambridge.

Simonoff JS (1996) Smoothing Methods in Statistics. Springer, New York.

3.3 Estimation of the Variance Function

Like for running mean smoothing, we use a running window for estimating the variance
function, or standard deviation function σX(i), as follows. Define

x′(i) := x(i)− µ̂X(i),

and calculate

σ̂X(i) = STD {x′(i + j), j = −k, . . . , +k} , i = 1 + k, . . . , n− k.

Excursion: RAMPFIT: regression, residual analysis, smoothing.
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3.4 Estimation of the Autocovariance/Autocorrelation Function

3.4.1 Introduction

3.4.1.1 Estimation of the Covariance/Correlation Between Two Random Variables

Starting with the definition of covariance between two random variables, Y and Z,

COV [Y, Z] = E [(Y − µY ) · (Z − µZ)] ,

it is natural to consider

ĈOV [Y, Z] =
1

n

n∑
i=1

(y(i)− ȳ) · (z(i)− z̄) ,

the sample covariance. Analogously in case of the autocorrelation coefficient, ρ,
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ρ = COV [Y, Z]
/√

VAR[Y ] · VAR[Z],

we consider the sample correlation coefficient,

r = ρ̂ = ĈOV [Y, Z]

/√
V̂AR[Y ] · V̂AR[Z]

=
1

n

n∑
i=1

(y(i)− ȳ) · (z(i)− z̄)

/√√√√1

n

n∑
i=1

(y(i)− ȳ)2 · 1

n

n∑
i=1

(z(i)− z̄)2

=

n∑
i=1

(y(i)− ȳ) · (z(i)− z̄)

/√√√√ n∑
i=1

(y(i)− ȳ)2 ·
n∑

i=1

(z(i)− z̄)2.

Note that we have used σ̂2
(n). r is also called Pearson’s correlation coefficient (Karl

Pearson, 1857–1936).
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3.4.1.2 Ergodicity

Consider a weakly stationary random process, {X(t)}. The aim to is estimate the
mean µX , variance σ2

X and autocovariance function γX(h) from the observations,
x(1), . . . , x(n).

We may use µ̂ = x̄ =
∑n

i=1 x(i) /n as estimator. However, we have to note: Thereby,
we replace

x̄ensemble, the ensemble average, by

x̄time, the time average.

The underlying assumption is that both averages converge (in means square sense,

i. e., limn→∞E
[(

X̄ensemble − X̄time

)2]
= 0). This property of a process is called

ergodicity. (In practice we rarely care about that.)
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3.4.2 Estimation of the Autocovariance Function

We employ the following sample autocovariance function:

γ̂X(h) =
1

n

n−|h|∑
i=1

(x(i)− x̄) · (x(i + |h|)− x̄) .

Notes:

1. We have replaced y by x(i) and z by x(i+|h|). The means of X(i) and X(i+|h|),
however, we assume equal, and estimate it using all points, x̄ =

∑n
i=1 x(i)/ n.

2. γ̂X(h) is an even function (as γX(h)) since it uses |h|.
3. γ̂X(h ≥ n) cannot be estimated.

4. Other sample covariance functions exist, such as γ̂∗X(h) where the denominator
equals (n− |h|). However, we avoid using this estimator since it has a larger MSE
than γ̂X(h), although it has a smaller bias. See also Priestley (1981, sect. 5.3.3).
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3.4.3 Estimation of the Autocorrelation Function

For the autocorrelation function,

ρX(h) =
COV [X(t), X(t + h)]

VAR [X(t)]
=

γX(h)

γX(0)
,

we employ the following sample autocorrelation function:

ρ̂X(h) =
γ̂X(h)

γ̂X(0)
.

Notes:

1. ρ̂X(h) is an even function (as ρX(h)) since it uses |h|.

2. ρ̂X(h ≥ n) cannot be estimated.

3. ρ̂X(h) has a certain estimation bias and variance, see Subsubsection 3.5.2.1
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3.5 Fitting of Time Series Models to Data

3.5.1 Model Identification

Model identification means to find the appropriate form of the model, for example,
determining the appropriate values of p and q in an ARMA(p, q) model. Identification
uses the sample autocorrelation function.
It also uses the sample partial autocorrelation function (see next Subsubsection) which
eliminates the effect of the “intermediate” variable, say X(t + 1) when calculating
the correlation between X(t) and X(t + 2).
Identification is a creative process. Parsimony (use of few model parameters) is
important, as well as taking into account the physics of the system which produced
the data. Quite often, experts disagree about the appropriate model for certain data.
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3.5.1.1 Partial Autocorrelation Function

We first consider the correlation between two random variables, Y and Z. It might be
the case that both of them are also correlated with a third random variable, W . A
“pure” view of the correlation between Y and Z is then provided using the following

Definition

The partial correlation coefficient between two random variables, Y and
Z, conditional on the value of the random variable W , is given by

ρY,Z|W = (ρY,Z − ρY,W · ρZ,W )

/√(
1− ρ2

Y,W

)
·
(
1− ρ2

Z,W

)
,

where ρY,Z is the correlation coefficient between Y and Z, analogously for ρY,W and
ρZ,W .

The sample version, ρ̂Y,Z|W , is obtained by inserting the respective sample correlation
coefficients.



3.5. FITTING OF TIME SERIES MODELS TO DATA 135

Now: random process, {X(t)}: Excursion: AR(1) process, ρX(t),X(t−2)|X(t−1) = 0.

Definition

Let {X(t)} be a zero-mean weakly stationary process with γX(h) → 0 as
h →∞. Let the coefficients Φ be given by

ρ(0) ρ(1) ρ(2) . . . ρ(h− 1)
ρ(1) ρ(0) ρ(1) . . . ρ(h− 2)

... ... ... ...
ρ(h− 1) ρ(h− 2) ρ(h− 3) . . . ρ(0)




Φh1

Φh2
...

Φhh

 =


ρ(1)
ρ(2)

...
ρ(h)

 .

The partial autocorrelation function of {X(t)} at lag h is then given by
αX(h) = Φhh, h ≥ 1.

Sample version, α̂X(h): insert sample autocorrelations. (See Brockwell & Davis
(1991) Time Series: Theory and Methods. 2nd Edn., Springer, New York.)
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Figure 3.1: Lake Huron level, 1875–1972 (n = 98), in comparison with AR(2) model
(X(t)− 1.0441X(t− 1) + 0.25027X(t− 2) = E(t) with σ2

ε = 0.4789, from fit) using
(1) autocorrelation function (ACF) and (2) partial autocorrelation function (PACF).
The AR(2) model seems not to be bad. However, there might be a better model!?
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3.5.2 Fitting AR(1) Model to Data

View the AR(1) equation (sample form),

x(i) = a · x(i− 1) + ε(i), ε(i) from E(i) ∼ N(0, σ2
ε ), i = 2, . . . , n,

as regression of x(i− 1) on x(i). Thus,

S(a) =

n∑
i=2

[x(i)− a · x(i− 1)]2

is the least squares sum. It is minimized (homework!) by

â =

∑n
i=2 [x(i) · x(i− 1)]∑n

i=2 [x(i)2]
.
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Note that we have assumed the mean to be known a priori. Otherwise, we use

â =

∑n
i=2 [x(i)− x̄] · [x(i− 1)− x̄]∑n

i=2 [x(i)− x̄]2
,

the LS estimate with unknown mean.

To estimate the variance of the error process, σ2
ε , recall (Subsection 2.11) the variance

of an (asymptotic stationary) AR(1) process (for t large),

VAR [X(t)] = σ2
ε

(
(1− a2t)

/
(1− a2)

)
' σ2

ε

(
1
/
(1− a2)

)
= σ2

X

(“'” means “approximately” for an expression). This leads to the LS estimator

σ̂2
ε = σ̂2

X ·
(
1− â2

)
.

Note: Other criterions besides LS exist, leading to (slightly) other estimators (e. g.,

σ̂2
ε = n−1

n−3 σ̂2
X ·
(
1− â2

)
), see Priestley (1981, section 5.4).
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3.5.2.1 Asymptotic Bias and Variance of â

Let us assume an AR(1) process, {X(t)}, with known mean (conveniently taken to
be zero) and serial dependence parameter a. Consider the LS estimator,

â =

∑n
i=2 [x(i) · x(i− 1)]∑n

i=2 [x(i)2]
.

As before with the mean and the variance estimator, we now wish to calculate its
estimation bias and variance. We will find that this is a fairly difficult task, with no
exact solution but only asymptotic expansions.
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Excursion: Mudelsee (2001, Statistical Papers 42:517–527):

• â is called there ρ̂

• Excursion: Taylor expansion of a ratio

• arithmetic–geometric series:
∑n−1

i=0 i · qi = n−1
q−1 qn + 1−qn−1

(1−q)2
q

• VAR(â) '
(
1− a2

)
/(n− 1)

⇒ approaches zero as a → 1 (all x become equal)

• E(â) ' a− (2 a) / (n− 1) +
[
2/(n− 1)2

]
·
(
a− a2n−1

)
/
(
1− a2

)
⇒ negative bias, approaches zero as a → 1

• Monte Carlo simulation to test formulas
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3.6 Outlook

Time is over... :-)

3.6.1 Time Series Models for Unevenly Spaced Time Series

That means: AR(1) model with positive serial dependence or persistence.

Useful in climatology.

3.6.2 Detection and Statistical Analysis of Outliers/Extreme Values

For example: running median smoothing and using treshold criterion for detection.
Estimation of the time-dependent occurrence rate of extreme events.

Hot topic in climatology.


