
TIES, Hyderabad, 5 January 2012

Paleoclimate

Time Series Analysis

Manfred Mudelsee

Climate Risk Analysis, Germany, www.climate-risk-analysis.com
Alfred Wegener Institute, Germany

Courtesy Dominik Fleitmann, Oeschger Centre, Switzerland

©
 C

lim
at

e 
R

is
k 

A
n

al
ys

is



TIES, Hyderabad, 5 January 2012

Part 1:  Paleoclimate
Part 2:  Time Series Analysis
Part 3:  Examples

Mathematical formulas: no sweat!
Physics, Geology: no sweat!
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Part 1:  Paleoclimate
Climate

Solomon et al. (2007) Climate Change 2007: The Physical Science Basis. Cambridge Univ. Press
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Part 1:  Paleoclimate
Paleo

Gradstein et al. (2004) A Geological Time Scale 2004. Cambridge Univ. Press
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Part 1:  Paleoclimate
Paleoclimate archive

10 cm

3010 ± 70 a

5278 ± 77 a

7525 ± 55 a

10062 ± 83 a

–1.24 ± 0.08 ‰

–2.23 ± 0.08 ‰
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Part 1:  Paleoclimate
Paleoclimate time series
14 1 Introduction
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Figure 1.7. Speleothem data: oxygen isotope record from stalagmite Q5 from south-
ern Oman over the past 10,300 years. Along the growth axis of the nearly 1 m long sta-
lagmite, every ∼ 0.7 mm about 5 mg material (CaCO3) was drilled, yielding n = 1345
samples. The carbonate powder was analysed with an automatic preparation system
linked to a mass spectrometer to determine the δ18O values. (The (18O/16O) ra-
tio is given relative to the Vienna Pee Dee Belemnite (VPDB) standard analogously
to the description in Fig. 1.3.) The timescale (years before 1950) is based on 18
U/Th mass-spectrometric ages, obtained on separated and purified material. Dates
for samples between absolutely dated positions were obtained by linear interpolation.
Time runs from right to left. The δ18O scale is inverted “in paleoclimatic manner”
so that the transition from the last glacial to the present Holocene interglacial at
around 10 ka is “upwards.” Note that growth of stalagmite Q5 ceased at ∼ 2740 a
b.p. Climatological questions associated with the data are whether the transition to
the Holocene occurred synchronously with climatic transitions in other locations and
whether there exist solar influences on the variations in monsoon rainfall (indicated
by δ18O variations, low δ18O reflecting strong monsoon). (Data from Fleitmann et al.
2003.)

1.4 Spacing
Archives other than documentary collections or climate models require

measurements on the archive material. Material-size requirements lead
in many cases to a constant length interval, L(i), from which material for
one measurement is taken, and also the length spacing, l(i), between the
measurement mid-points on the length axis is often constant (Fig. 1.13).
Dating transfers from length into the time domain with the “sample du-
ration,” D(i), and the temporal spacing, d(i) = t(i) − t(i − 1), here in
this book briefly denoted as “spacing.” The spacing is frequently noncon-
stant: archives normally accumulate not at a constant rate. They might
also be subject to postdepositional length distortions such as compress-
ing in the case of ice cores. Archives that allow pre-sampling (visual)

Wet

dry
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Part 1:  Paleoclimate 
Spacing and uncertain timescale

Book, Fig. 1.15 (e, stalagmite Q5 δ18O)

1.4 Spacing 23
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Figure 1.15. Spacing of selected climate time series. a ODP 846 δ18O; b Vostok CO2;
c Vostok δD; d NGRIP SO4; e Q5 δ18O. Data are given in Figs. 1.2, 1.3, 1.4 and 1.7.
In d, d(i) is shown for the D(i) = 0.5 cm data; the time series with t(i) = 1 a (Fig.
1.4) is obtained from the 0.5-cm data using “downsampling.” The ice core data (b–d)
reflect to some degree the effects of ice compaction, that means, d(i) increases with
t(i). The Q5 speleothem spacing time series (e) suggests visually a strong negative
correlation with the speleothem δ18O series (Fig. 1.7). This is explained as follows.
Low (high) δ18O means strong (weak) Indian monsoonal rainfall, this in turn faster
(slower) movement of the rainwater through the soil, weaker (stronger) uptake of soil-
CO2, lower (higher) pH of the water, reduced (enhanced) solution of soil-carbonate,
less (more) material for calcite precipitation, small (large) annual stalagmite layers
and, finally, a higher (lower) temporal spacing because the depth spacing is nearly
constant (Fig. 1.7). Note that at places with other soil properties, the relation δ18O–
spacing may be different (Burns et al. 2002). The values of the average spacing, d̄, and
the coefficient of variation of spacing, CVd, which is defined as the standard deviation
of the spacing divided by d̄, are as follows. a d̄ = 2.40 a, CVd = 0.41; b d̄ = 1.46 a,
CVd = 0.82; c d̄ = 0.13 a, CVd = 0.85; d d̄ = 0.32 a, CVd = 0.47; e d̄ = 5.62 a,
CVd = 0.49.

If n ≈ n it is weaker, and only for n < n (“downsampling”) it may
be absent. That means, interpolation does not allow to go in resolution
below the limit set by Eq. (1.4). Second, depending on the type of in-
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Part 1:  Paleoclimate
Noise and statistical distribution

                Histogram:
                inference of PDF

                Residuals,
                “detrended
                version” of the x(i)

Book, Fig. 1.11 (j, stalagmite Q5 δ18O)

18 1 Introduction
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Figure 1.11. Statistical noise distributions of selected climate time series. a ODP
846 δ18O; b Vostok CO2; c Vostok δD; d NGRIP SO4; e NGRIP Ca; f NGRIP
dust content; g NGRIP electrical conductivity; h NGRIP Na; i tree-ring ∆14C; j Q5
δ18O; k Lower Mystic Lake varve thickness; l HadCM3 runoff. The distributions are
estimated with histograms. Data and units are given in Figs. 1.2, 1.3, 1.4, 1.5, 1.6,
1.7, 1.8 and 1.9. In a and e–h, the trend component was estimated (and removed
prior to histogram calculation) using a ramp regression model (Figs. 4.6 and 4.7); in
b and c using a harmonic filter (Section 5.2.4.3); in d and k using the running median
(Figs. 4.16 and 4.17); in i using nonparametric regression (Fig. 4.14); in j using a
combination of a ramp model in the early and a sinusoidal in the late part (Fig. 4.18);
and in l using the break regression model (Fig. 4.12). Outliers are tentatively marked
with open circles (note broken axes in d, k). In c, the modes of the suspected bimodal
distribution are marked with arrows. In a, e–h and j, time-dependent variability,
S(T ), was estimated using a ramp regression model (Chapter 4); in d and k using
the running MAD (Figs. 4.16 and 4.17); and in l using a linear model. Normalizing
(dividing by S(T )) for those time series was carried out prior to histogram calculation.
The other time series assume constant S(T ), values are given in Table 1.3.
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Part 1:  Paleoclimate
Persistence

                Lag-1 scatterplot
                x(i–1) vs x(i):
                inference about
                persistence

                Residuals,
                “detrended
                version” of the x(i)

Book, Fig. 1.12 (j, stalagmite Q5 δ18O)
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Part 1:  Paleoclimate
Climate equation

Climate equation, discrete time
T(i), time points
X(i) ≡ X(T(i)), etc.

4 1 Introduction

assumption like others in the business: three-dimensional space, time
arrow and causality, mathematical axioms (Kant 1781; Polanyi 1958;
Kandel 2006). The book also follows the optimistic path of Popper
(1935): small and accurately known ranges of uncertainty about the
climate system enable more precise climate hypotheses to be tested,
leading to enhanced knowledge and scientific progress. Also if one shares
Kuhn’s (1970) view, paradigm shifts in climatology have better success
chances if they are substantiated by more accurate knowledge. It is the
aim of this book to provide methods for obtaining accurate information
from complex time series data.

Climate evolves in time, and a stochastic process (a time-dependent
random variable representing a climate variable with not exactly known
value) and time series (the observed or sampled process) are central to
statistical climate analysis. We shall use a wide definition of trend and
decompose a stochastic process, X, as follows:

X(T ) = Xtrend(T ) + Xout(T ) + S(T ) · Xnoise(T ), (1.1)

where T is continuous time, Xtrend(T ) is the trend process, Xout(T ) is
the outlier process, S(T ) is a variability function scaling Xnoise(T ), the
noise process. The trend is seen to include all systematic or determi-
nistic, long-term processes such as a linear increase, a step change or a
seasonal signal. The trend is described by parameters, for example, the
rate of an increase. Outliers are events with an extremely large absolute
value and are usually rare. The noise process is assumed to be weakly
stationary with zero mean and autocorrelation. Giving Xnoise(T ) stan-
dard deviation unity enables introduction of S(T ) to honour climate’s
definition as not only the mean but also the variability of the state of
the atmosphere and other compartments (Brückner 1890; Hann 1901;
Köppen 1923). A version of Eq. (1.1) is written for discrete time, T (i),
as

X(i) = Xtrend(i) + Xout(i) + S(i) · Xnoise(i), (1.2)

using the abbreviation X(i) ≡ X(T (i)), etc. However, for unevenly
spaced T (i) this is a problematic step because of a possibly non-unique
relation between Xnoise(T ) and Xnoise(i), see Section 2.1.2.1. The ob-
served, discrete time series from process X(i) is the set of size n of paired
values t(i) and x(i), compactly written as {t(i), x(i)}n

i=1. To restate, the
aim of this book is to provide methods for obtaining quantitative esti-
mates of parameters of Xtrend(T ), Xout(T ), S(T ) and Xnoise(T ) using
the observed time series data {t(i), x(i)}n

i=1.
A problem in climate analysis is that the observation process super-

imposes on the climatic process. Xnoise(T ) may show not only climatic
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Climate equation, stochastic process X(i)

Time series

Time series analysis uses sample to learn about process:
trend parameters, probability of extremes, cycles, etc.

4 1 Introduction

assumption like others in the business: three-dimensional space, time
arrow and causality, mathematical axioms (Kant 1781; Polanyi 1958;
Kandel 2006). The book also follows the optimistic path of Popper
(1935): small and accurately known ranges of uncertainty about the
climate system enable more precise climate hypotheses to be tested,
leading to enhanced knowledge and scientific progress. Also if one shares
Kuhn’s (1970) view, paradigm shifts in climatology have better success
chances if they are substantiated by more accurate knowledge. It is the
aim of this book to provide methods for obtaining accurate information
from complex time series data.

Climate evolves in time, and a stochastic process (a time-dependent
random variable representing a climate variable with not exactly known
value) and time series (the observed or sampled process) are central to
statistical climate analysis. We shall use a wide definition of trend and
decompose a stochastic process, X, as follows:

X(T ) = Xtrend(T ) + Xout(T ) + S(T ) · Xnoise(T ), (1.1)

where T is continuous time, Xtrend(T ) is the trend process, Xout(T ) is
the outlier process, S(T ) is a variability function scaling Xnoise(T ), the
noise process. The trend is seen to include all systematic or determi-
nistic, long-term processes such as a linear increase, a step change or a
seasonal signal. The trend is described by parameters, for example, the
rate of an increase. Outliers are events with an extremely large absolute
value and are usually rare. The noise process is assumed to be weakly
stationary with zero mean and autocorrelation. Giving Xnoise(T ) stan-
dard deviation unity enables introduction of S(T ) to honour climate’s
definition as not only the mean but also the variability of the state of
the atmosphere and other compartments (Brückner 1890; Hann 1901;
Köppen 1923). A version of Eq. (1.1) is written for discrete time, T (i),
as

X(i) = Xtrend(i) + Xout(i) + S(i) · Xnoise(i), (1.2)

using the abbreviation X(i) ≡ X(T (i)), etc. However, for unevenly
spaced T (i) this is a problematic step because of a possibly non-unique
relation between Xnoise(T ) and Xnoise(i), see Section 2.1.2.1. The ob-
served, discrete time series from process X(i) is the set of size n of paired
values t(i) and x(i), compactly written as {t(i), x(i)}n

i=1. To restate, the
aim of this book is to provide methods for obtaining quantitative esti-
mates of parameters of Xtrend(T ), Xout(T ), S(T ) and Xnoise(T ) using
the observed time series data {t(i), x(i)}n

i=1.
A problem in climate analysis is that the observation process super-

imposes on the climatic process. Xnoise(T ) may show not only climatic

4 1 Introduction

assumption like others in the business: three-dimensional space, time
arrow and causality, mathematical axioms (Kant 1781; Polanyi 1958;
Kandel 2006). The book also follows the optimistic path of Popper
(1935): small and accurately known ranges of uncertainty about the
climate system enable more precise climate hypotheses to be tested,
leading to enhanced knowledge and scientific progress. Also if one shares
Kuhn’s (1970) view, paradigm shifts in climatology have better success
chances if they are substantiated by more accurate knowledge. It is the
aim of this book to provide methods for obtaining accurate information
from complex time series data.

Climate evolves in time, and a stochastic process (a time-dependent
random variable representing a climate variable with not exactly known
value) and time series (the observed or sampled process) are central to
statistical climate analysis. We shall use a wide definition of trend and
decompose a stochastic process, X, as follows:

X(T ) = Xtrend(T ) + Xout(T ) + S(T ) · Xnoise(T ), (1.1)

where T is continuous time, Xtrend(T ) is the trend process, Xout(T ) is
the outlier process, S(T ) is a variability function scaling Xnoise(T ), the
noise process. The trend is seen to include all systematic or determi-
nistic, long-term processes such as a linear increase, a step change or a
seasonal signal. The trend is described by parameters, for example, the
rate of an increase. Outliers are events with an extremely large absolute
value and are usually rare. The noise process is assumed to be weakly
stationary with zero mean and autocorrelation. Giving Xnoise(T ) stan-
dard deviation unity enables introduction of S(T ) to honour climate’s
definition as not only the mean but also the variability of the state of
the atmosphere and other compartments (Brückner 1890; Hann 1901;
Köppen 1923). A version of Eq. (1.1) is written for discrete time, T (i),
as

X(i) = Xtrend(i) + Xout(i) + S(i) · Xnoise(i), (1.2)

using the abbreviation X(i) ≡ X(T (i)), etc. However, for unevenly
spaced T (i) this is a problematic step because of a possibly non-unique
relation between Xnoise(T ) and Xnoise(i), see Section 2.1.2.1. The ob-
served, discrete time series from process X(i) is the set of size n of paired
values t(i) and x(i), compactly written as {t(i), x(i)}n

i=1. To restate, the
aim of this book is to provide methods for obtaining quantitative esti-
mates of parameters of Xtrend(T ), Xout(T ), S(T ) and Xnoise(T ) using
the observed time series data {t(i), x(i)}n

i=1.
A problem in climate analysis is that the observation process super-

imposes on the climatic process. Xnoise(T ) may show not only climaticNote relation between 
data and question(s).

Part 2:  Time Series Analysis
Estimation
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Part 2:  Time Series Analysis
First-order autoregressive model, uneven spacing

AR(1) process, uneven spacing

Least-squares estimation
Residuals xnoise(i), “detrended version” of the x(i)

2.1 First-order autoregressive model 37

valid only for the mean estimator. Because the definition of n depends
of the type of estimation (von Storch and Zwiers 1999), such formulas
have limited practical relevance. Section 2.6 gives n for variance and
correlation estimation.

2.1.2 Uneven spacing
In Eq. (1.2), we let the time increase with an uneven spacing d(i) > 0

and write the discrete-time Gaussian AR(1) noise model,

Xnoise(1) = EN(0, 1)(1),

Xnoise(i) = exp {− [T (i)− T (i− 1)] /τ} ·Xnoise(i− 1)
+ EN(0, 1−exp{−2[T (i)−T (i−1)]/τ})(i), i = 2, . . . , n.

(2.9)

The “loss of memory” increases with the time difference scaled by the
persistence time, τ (Fig. 2.2). The random innovation, E(·), is now
heteroscedastic instead of homoscedastic as in the case of even spacing.
It follows that this noise model for uneven spacing has zero mean, unity
variance and autocorrelation

E [Xnoise(i + h) ·Xnoise(i)] = exp [−|T (i + h)− T (i)|/τ ] . (2.10)

Estimation of the persistence time using noise data {t(i), xnoise(i)}n
i=1

is more complex than in the case of even spacing. A least-squares esti-
mation uses the sum of squares,

S(τ) =
n

i=2

[xnoise(i)− exp {− [t(i)− t(i− 1)] /τ} · xnoise(i− 1)]2 ,

(2.11)
and takes the minimizer as τ estimator, τ = argmin [S(τ)]. The min-
imization has to be carried out numerically (Section 2.7). In the case
of equidistance, t(i)− t(i− 1) = d ∀i, the least-squares estimator corre-
sponds to the estimator given in Eq. (2.4), with a = exp (−d/τ).

The bias in the estimation of τ for unevenly spaced data seems to defy
an analytical derivation. Figure 2.3 shows the bias studied by means of
Monte Carlo simulations. The simulations demonstrate that the bias is
similar to the value in a situation with even spacing.

Suitability of the AR(1) model for uneven spacing can be assessed
using the residuals,

(i) = xnoise(i)− exp {− [t(i)− t(i− 1)] /τ} · xnoise(i− 1),
i = 2, . . . , n.

(2.12)

2.1 First-order autoregressive model 37

valid only for the mean estimator. Because the definition of n depends
of the type of estimation (von Storch and Zwiers 1999), such formulas
have limited practical relevance. Section 2.6 gives n for variance and
correlation estimation.

2.1.2 Uneven spacing
In Eq. (1.2), we let the time increase with an uneven spacing d(i) > 0

and write the discrete-time Gaussian AR(1) noise model,

Xnoise(1) = EN(0, 1)(1),

Xnoise(i) = exp {− [T (i)− T (i− 1)] /τ} ·Xnoise(i− 1)
+ EN(0, 1−exp{−2[T (i)−T (i−1)]/τ})(i), i = 2, . . . , n.

(2.9)

The “loss of memory” increases with the time difference scaled by the
persistence time, τ (Fig. 2.2). The random innovation, E(·), is now
heteroscedastic instead of homoscedastic as in the case of even spacing.
It follows that this noise model for uneven spacing has zero mean, unity
variance and autocorrelation

E [Xnoise(i + h) ·Xnoise(i)] = exp [−|T (i + h)− T (i)|/τ ] . (2.10)

Estimation of the persistence time using noise data {t(i), xnoise(i)}n
i=1

is more complex than in the case of even spacing. A least-squares esti-
mation uses the sum of squares,

S(τ) =
n

i=2

[xnoise(i)− exp {− [t(i)− t(i− 1)] /τ} · xnoise(i− 1)]2 ,

(2.11)
and takes the minimizer as τ estimator, τ = argmin [S(τ)]. The min-
imization has to be carried out numerically (Section 2.7). In the case
of equidistance, t(i)− t(i− 1) = d ∀i, the least-squares estimator corre-
sponds to the estimator given in Eq. (2.4), with a = exp (−d/τ).

The bias in the estimation of τ for unevenly spaced data seems to defy
an analytical derivation. Figure 2.3 shows the bias studied by means of
Monte Carlo simulations. The simulations demonstrate that the bias is
similar to the value in a situation with even spacing.

Suitability of the AR(1) model for uneven spacing can be assessed
using the residuals,

(i) = xnoise(i)− exp {− [t(i)− t(i− 1)] /τ} · xnoise(i− 1),
i = 2, . . . , n.

(2.12)

Book, Eq. (2.11); Robinson (1977) Stochastic Processes and their Applications 6:9
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Part 2:  Time Series Analysis
Bootstrap principle

{t(i), x(i)}i=1        θ n ^ Sample,
estimate

{t*1(i), x*1(i)}i=1
n {t*2(i), x*2(i)}i=1

n {t*B(i), x*B(i)}i=1
n Resamples

Confidence
interval

θ*1 ^   Replicationsθ*2 ^   θ*B ^   

CIθ,1–2α^

Book, Fig. 3.3
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Part 2:  Time Series Analysis
Bootstrap principle

Bootstrap
 Resampling
  Moving block bootstrap (MBB)
  Autoregressive bootstrap (ARB)
  Other
 Confidence interval construction
  Normal
  Student’s t
  Percentile
  BCa
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Part 2:  Time Series Analysis
Bootstrap resampling

Moving block bootstrap (MBB)

Book, Algorithm 3.1

3.3 Bootstrap resampling 79

Block 1

Block 2 Block n–l+1

x(1) x(2) x(l ) x(l+1) x(n)x(n–l+1)

Step 1 Data {t(i), x(i)}ni=1

Step 2 Resampled times unchanged {t∗(i)}ni=1 = {t(i)}ni=1

Step 3 Blocks j (see above) {x(i)}j+l−1
i=j , j = 1, . . . , n− l + 1

Step 4 Set counter c = 1

Start resampling

Step 5 Draw random block j∗ j∗ ∈ {1, . . . , n− l + 1}

Step 6 Insert block data {x∗(i)}c+l−1
i=c = {x(i)}j

∗+l−1
i=j∗

If x∗(n) has been inserted Stop inserting and exit

Step 7 Increase counter c → c + l

Step 8 Go to Step 5

End resampling

Algorithm 3.1. Moving block bootstrap algorithm (MBB). Note: An equation like
{t∗(i)}ni=1 = {t(i)}ni=1 is used to denote t∗(i) = t(i), i = 1, . . . , n.

means of Monte Carlo simulations of real-world conditions, as is done in
subsequent parts of this book.

Bühlmann and Künsch (1999) presented a fully data-driven block
length selector (Algorithm 3.2). They showed the equivalence of lopt

selection and smoothing in spectral estimation (Chapter 5).
Berkowitz and Kilian (2000) presented a brute-force block length se-

lector:

1 Approximate the data generating process by a parametric model (e.g.,
ARMA).

2 Generate Monte Carlo samples from this fitted model.
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Part 2:  Time Series Analysis
Bootstrap resampling

Block length selector (MBB) after Carlstein (1986)

Other block length selectors via
 persistence time
 autocorrelation function

78 3 Bootstrap Confidence Intervals

3.3.1 Nonparametric: moving block bootstrap
The moving block bootstrap algorithm, denoted as MBB, divides the

time series values {x(i)}n
i=1 into sequences or blocks of l consecutive

points (Algorithm 3.1). The blocks may overlap, their number is n−l+1.
MBB draws randomly a block and inserts the contained values as the
first l resample values, {x∗(i)}l

i=1. The next randomly drawn block
yields {x∗(i)}2l

i=l+1, and so forth. When the last point, x∗(n), has been
inserted, the algorithm stops; remaining block values are discarded. The
resampled times are unchanged (Algorithm 3.1). One indexes the first
resample as


t∗1(i), x∗1(i)

n

i=1
and repeats MBB until B resamples exist.

A possible adaption of the MBB to uneven spacing is introduced in
Section 3.3.1.2. Other nonparametric bootstrap algorithms are described
briefly in the background material (Section 3.8).

3.3.1.1 Block length selection
Selection of the block length, l, is a crucial step because it determines

properties like bootstrap standard error or bootstrap CI coverage accu-
racy. Berkowitz and Kilian (2000: p. 20 therein) describe the trade-off
problem involved as follows: “As the block size becomes too small, the
[MBB] destroys the time dependency of the data and its average accu-
racy will decline. As the block size becomes too large, there are few
blocks and [resamples] will tend to look alike. As a result, the average
accuracy of the [MBB] also will decline. This suggests that there exists
an optimal block size [lopt] which maximizes accuracy.”

A simple block length selector can be derived from Sherman et al.
(1998), who adapted a formula from Carlstein (1986), to the MBB:

lopt = NINT


61/2 · ̄a


1− ̄a2

2/3
· n1/3


, (3.28)

where NINT (·) is the nearest integer function and ̄a = exp(−d̄/τ) is the
estimated “equivalent autocorrelation coefficient” (Fig. 2.3) of an AR(1)
process fitted to the data with uneven spacing. (If ̄a → 0 and ̄a → 1,
then take lopt = 1 and lopt = n − 1, respectively.) In the case of even
spacing, ̄a can be taken from Eq. (2.4). Instead of ̄a, also a bias-corrected
version, ̄a, can be used, see Section 2.6. Employing this block length
selector for real-world problems is evidently a simplification because it
was developed for normal shape, AR(1) persistence, even spacing and
bootstrap standard error estimation. Hall et al. (1995a) show that for
bootstrap CI estimation, lopt should increase at a slower rate with n.
On the other hand, in practice some simplification is inevitable, and
the formula might yield acceptable results. This can be assessed by
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Part 2:  Time Series Analysis
Bootstrap resampling
82 3 Bootstrap Confidence Intervals

Step 1 Data {t(i), x(i)}n
i=1

Step 2 Resampled times {t∗(i)}n
i=1 = {t(i)}n

i=1

unchanged

Step 3 Residuals (Eq. 3.29) r(i) = [x(i)− xtrend(i)− xout(i)]
S(i)

Step 4 Apply MBB

(Algorithm 3.1)

to residuals {r(i)}n
i=1

Step 5 Resampled residuals {r∗(i)}n
i=1

Step 6 Use resampled residuals

to produce resamples x∗(i) = xtrend(i) + xout(i) + S(i) · r∗(i)

Algorithm 3.3. MBB for realistic climate processes, which comprise trend, outlier
and variability components.

Plugging in the estimates into the climate equation (Eq. 1.2) yields

r(i) = [x(i)− xtrend(i)− xout(i)]
S(i), i = 1, . . . , n, (3.29)

where xtrend(i), xout(i) and S(i) are estimated trend, outlier and vari-
ability components, respectively. The following chapters explain such
estimations. The residuals, r(i), are realizations of the noise process.
(Analogously, the residuals, (i), in Chapter 2 are realizations of a white-
noise process.) The MBB for realistic climate processes is listed as Al-
gorithm 3.3.

The trend, outlier and variability components allow to describe non-
stationary climate processes. A further type of nonstationarity regards
persistence. Consider as example ice-volume fluctuations over the past 4
Ma. In the early part (Pliocene), the persistence was weaker than in the
late part (Pleistocene), when huge continental ice-sheets had been built
up (Mudelsee and Raymo 2005). Such nonstationarity can be accounted
for by the local block bootstrap (Paparoditis and Politis 2002), where,
in the example, Pliocene resamples, x∗(i), are restricted to come from
the Pliocene data, x(i), analogously for Pleistocene resamples. The local
block bootstrap could also be applied, as an alternative to using MBB
and the residuals, to produce nonparametric trend and variability esti-
mates with CIs (Bühlmann 1998). The cited paper applies smoothing
to an ozone time series from Switzerland, 1932–1996. Evidently, the size
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Part 2:  Time Series Analysis
Bootstrap confidence intervals

Bootstrap standard error

86 3 Bootstrap Confidence Intervals

3.3.3 Parametric: surrogate data
The surrogate data approach (Algorithm 3.6), related to ARB, is a

simulation rather than a resampling method. No residuals are drawn as
in the ARB. Instead, climate equation residuals {r∗(i)}ni=1 are obtained
by numerical simulation (Step 8) from the persistence model with esti-
mated (and bias-corrected) parameters. Because also the distributional
shape is specified, the surrogate data approach is bounded stronger by
parametric restrictions than the ARB. Therein lies its danger: it is more
prone than the ARB to systematic errors from violated assumptions.

3.4 Bootstrap confidence intervals
Estimation of θ is repeated for the resamples, {t∗b(i), x∗b(i)}ni=1, b =

1, . . . , B. This yields the bootstrap replications, {θ∗b}Bb=1. The repli-
cations are used to construct equi-tailed (1 − 2α) confidence intervals,
CIθ,1−2α

, see Fig. 3.3.
Two approaches, standard error based and percentile based, domi-

nate theory and practice of bootstrap CI construction. The estimated
bootstrap standard error is the sample standard error of the replications,

seθ∗ =


B
b=1

θ∗b −
θ∗b

2


(B − 1)

1/2

, (3.30)

where
θ∗b


=

B
b=1

θ∗b/B. The percentiles result from the empirical
distribution function (Eq. 3.43) of the replications. The accuracy of
bootstrap CIs depends critically on the similarity (in terms of standard
errors or percentiles) of the distribution of the bootstrap replications
and the true distribution, f(θ). Various concepts exist for accounting
for the deviations between the two distributions.

Suppressing “simulation noise” requires more resamples for percentile
estimation than for bootstrap standard error estimation. This book
follows the recommendation of Efron and Tibshirani (1993), and sets
throughout B = 2000 (or 1999 for percentile CIs). For a reasonable
α value such as 0.025, this means that a number of 50 replications are
outside the percentile bound. An own simulation study, analysing the
coefficient of variation of a CI endpoint in dependence of B, confirmed
that this choice is sufficient also in a bivariate setting (Mudelsee and
Alkio 2007).
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Part 2:  Time Series Analysis
Bootstrap confidence intervals

Percentile confidence interval

α small ⇒ B large
 typically
 α = 0.025 (95% CI) or α = 0.05 (90% CI), B ≈ 2000

88 3 Bootstrap Confidence Intervals

3.4.2 Student’s t confidence interval
The bootstrap Student’s t confidence interval is

CIθ,1−2α
=

θ + tν(α) · seθ∗ ; θ − tν(α) · seθ∗

, (3.32)

where tν(α) is the percentage point of the t distribution function with
ν degrees of freedom (Section 3.9). It is in practice presumably always
more accurate to prefer, as this book does, Student’s t CIs over normal
CIs because they recognize the reduction of degrees of freedom. (For
data sizes above, say, 30, the difference becomes negligible.)

3.4.3 Percentile confidence interval
The bootstrap percentile confidence interval is

CIθ,1−2α
=

θ∗(α); θ∗(1− α)

, (3.33)

that means, it is the interval between the 100αth percentage point
and the 100(1 − α)th percentage point of the empirical distribution ofθ∗b

B
b=1

. Because of finite B, “simulation noise” is introduced in esti-
mating percentile based CIs. B = 1999 sufficiently reduces this effect,
see the introduction to this section. One takes this value instead of 2000
because then commonly used percentage points can be evaluated with-
out interpolation (e.g., 95th percentage point = 0.95 · (1999 + 1)th =
1900th largest replication value).

3.4.4 BCa confidence interval
The bootstrap bias-corrected and accelerated (BCa) confidence inter-

val is
CIθ,1−2α

=
θ∗(α1); θ∗(α2)


, (3.34)

where

α1 = F


z0 + z0 + z(α)

1− a [z0 + z(α)]


(3.35)

and

α2 = F


z0 + z0 + z(1− α)

1− a [z0 + z(1− α)]


. (3.36)
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Part 3:  Examples
Spectrum estimation, stalagmite Q5, Holocene

Book, Figs. 4.18 (modified), 5.5 (modified), 5.8

Oxygen isotope record (Q5)
 Monsoon rainfall proxy     Estimated spectrum
 Trend: ramp + sinusoid      Lomb–Scargle
 Interval [2.7 ka; 8.0 ka]      Oversampling factor 64
 d = 5.4 a, n = 973        Highest f = 1.0 fNy

     Welch I taper, 6 segments, 50% overlap

206 5 Spectral Analysis
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Figure 5.8. Monsoon spectrum, Lomb–Scargle estimation. Input time series is the
detrended Q5 δ18O record (Fig. 4.18), a proxy for Holocene Indian monsoonal rainfall.
Time interval is from 8 ka b.p. to 2.7 ka b.p., that is, from after the cold and dry 8.2-ka
extreme (Fig. 4.18; Rohling and Pälike (2005)) to when stalagmite growth ceased (n
= 973, d̄ = 5.4 a). The spectrum (wiggly line) was calculated using the Lomb–Scargle
periodogram, WOSA (nseg = 6), tapering (Welch type) and bias correction (nsim =
10,000). The frequency range (number of fj) was oversampled by a factor 64. The 6-
dB bandwidth is ∼ 0.001 a−1. Smooth lines show (from bottom) upper 90%, 95%, 99%
and 99.9% chi-squared bounds for an AR(1) red-noise hypothesis (τ = 9.6 a); highest
bound recognizes the test multiplicity (M = NINT [n/(nseg +1)] = 139). (Bootstrap
bounds (Algorithm 5.4) are nearly identical to chi-squared bounds.) Spectral peaks
labelled from I to V, possibly reflecting solar activity variations, are discussed in the
text. (After Fleitmann et al. 2003.)

f  = 2fNy + falias = 2 · 0.5 a−1 + 1/10.5 a−1 ≈ 1.095 a−1. However, the
sunspot cycle has in the past decades been observed by means of satellite
measurements at much higher resolution than d = 1a without any hints
for such a 0.913-year cycle (Willson and Hudson 1988).

Aliasing means not only “folding” of power associated with spectral
peaks, it can introduce also broad-band bias in the interval [0; fNy].

The following points suggest, however, that aliasing is not a major
problem in spectral analysis of climate time series.

High time resolution. A large portion of climate time series is mea-
sured today with advanced equipment (e.g., satellites) or in laborato-

5.2 Spectral estimation 189
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Figure 5.5. Tapers for spectral estimation. Shown are the functions wk(T ), k =
0, . . . , K−1, for averaging K = 3 (modified) periodograms, respectively eigenspectra;
here 0 ≤ T < 1024 and n = 1024. The Bartlett type corresponds to non-overlapping
and the WOSA type to (here) 50% overlapping segments. The WOSA type is shown
with a uniform taper (dashed lines) and a normalized Welch taper (solid lines). The
non-normalized Welch taper in continuous time is given by, for example, w

0(T ) =
1 − [(T − 256)/256]2 for 0 ≤ T ≤ 512; the normalized Welch taper in discrete time
by w0(i) = w

0(i)/
n

i=1 w
0(i)

2. The dpss multitaper functions have as additional

parameter a resolution bandwidth of 2W = 4/(nd); that is, wk(i) = vn,W
k (i); for

convenience of presentation these discrete functions are shown as continuous plots.

sequences (dpss). The dpss had been previously described by Slepian
(1978). Their calculation may be numerically difficult (Section 5.4). The
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Part 3:  Examples
Spectrum estimation, stalagmite Q5, Holocene

Book, Fig. 5.8; 6-dB bandwidth: decay on flanks of a peak to 10–6/10 ≈ 0.251 × peak maximum

Spectrum
6-dB bandwidth
 Bs ≈ 0.001 a–1

Peaks
 Tperiod = 10.9 a (I)
 Tperiod = 107 a  (II)
 Tperiod = 137 a  (III)
 Tperiod = 221 a  (IV)
 Tperiod = 963 a  (V)
AR(1) alternatives
 90%, 95%, 99%, 99.9%
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Figure 5.8. Monsoon spectrum, Lomb–Scargle estimation. Input time series is the
detrended Q5 δ18O record (Fig. 4.18), a proxy for Holocene Indian monsoonal rainfall.
Time interval is from 8 ka b.p. to 2.7 ka b.p., that is, from after the cold and dry 8.2-ka
extreme (Fig. 4.18; Rohling and Pälike (2005)) to when stalagmite growth ceased (n
= 973, d̄ = 5.4 a). The spectrum (wiggly line) was calculated using the Lomb–Scargle
periodogram, WOSA (nseg = 6), tapering (Welch type) and bias correction (nsim =
10,000). The frequency range (number of fj) was oversampled by a factor 64. The 6-
dB bandwidth is ∼ 0.001 a−1. Smooth lines show (from bottom) upper 90%, 95%, 99%
and 99.9% chi-squared bounds for an AR(1) red-noise hypothesis (τ = 9.6 a); highest
bound recognizes the test multiplicity (M = NINT [n/(nseg +1)] = 139). (Bootstrap
bounds (Algorithm 5.4) are nearly identical to chi-squared bounds.) Spectral peaks
labelled from I to V, possibly reflecting solar activity variations, are discussed in the
text. (After Fleitmann et al. 2003.)

f  = 2fNy + falias = 2 · 0.5 a−1 + 1/10.5 a−1 ≈ 1.095 a−1. However, the
sunspot cycle has in the past decades been observed by means of satellite
measurements at much higher resolution than d = 1a without any hints
for such a 0.913-year cycle (Willson and Hudson 1988).

Aliasing means not only “folding” of power associated with spectral
peaks, it can introduce also broad-band bias in the interval [0; fNy].

The following points suggest, however, that aliasing is not a major
problem in spectral analysis of climate time series.

High time resolution. A large portion of climate time series is mea-
sured today with advanced equipment (e.g., satellites) or in laborato-
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Part 3:  Examples
Spectrum estimation, stalagmite Q5, Holocene

Book, Figs. 5.8, 5.10, Section 5.2.7

Aliasing
Likely not a problem here
 Sampling length 3.9 years
 Monsoon rainfall mostly during JAS, not full year
 Statistical test: AR(1) + annual cycle ⇒ no peaks (Tperiod: I–V)
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Figure 5.8. Monsoon spectrum, Lomb–Scargle estimation. Input time series is the
detrended Q5 δ18O record (Fig. 4.18), a proxy for Holocene Indian monsoonal rainfall.
Time interval is from 8 ka b.p. to 2.7 ka b.p., that is, from after the cold and dry 8.2-ka
extreme (Fig. 4.18; Rohling and Pälike (2005)) to when stalagmite growth ceased (n
= 973, d̄ = 5.4 a). The spectrum (wiggly line) was calculated using the Lomb–Scargle
periodogram, WOSA (nseg = 6), tapering (Welch type) and bias correction (nsim =
10,000). The frequency range (number of fj) was oversampled by a factor 64. The 6-
dB bandwidth is ∼ 0.001 a−1. Smooth lines show (from bottom) upper 90%, 95%, 99%
and 99.9% chi-squared bounds for an AR(1) red-noise hypothesis (τ = 9.6 a); highest
bound recognizes the test multiplicity (M = NINT [n/(nseg +1)] = 139). (Bootstrap
bounds (Algorithm 5.4) are nearly identical to chi-squared bounds.) Spectral peaks
labelled from I to V, possibly reflecting solar activity variations, are discussed in the
text. (After Fleitmann et al. 2003.)

f  = 2fNy + falias = 2 · 0.5 a−1 + 1/10.5 a−1 ≈ 1.095 a−1. However, the
sunspot cycle has in the past decades been observed by means of satellite
measurements at much higher resolution than d = 1a without any hints
for such a 0.913-year cycle (Willson and Hudson 1988).

Aliasing means not only “folding” of power associated with spectral
peaks, it can introduce also broad-band bias in the interval [0; fNy].

The following points suggest, however, that aliasing is not a major
problem in spectral analysis of climate time series.

High time resolution. A large portion of climate time series is mea-
sured today with advanced equipment (e.g., satellites) or in laborato-
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Part 3:  Examples
Spectrum estimation, stalagmite Q5, Holocene

Book, Algorithms 5.5, 5.6, Figs. 5.8, 5.11, Section 5.2.8

Timescale error effects?
 Test using t(i)* simulation
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Figure 5.8. Monsoon spectrum, Lomb–Scargle estimation. Input time series is the
detrended Q5 δ18O record (Fig. 4.18), a proxy for Holocene Indian monsoonal rainfall.
Time interval is from 8 ka b.p. to 2.7 ka b.p., that is, from after the cold and dry 8.2-ka
extreme (Fig. 4.18; Rohling and Pälike (2005)) to when stalagmite growth ceased (n
= 973, d̄ = 5.4 a). The spectrum (wiggly line) was calculated using the Lomb–Scargle
periodogram, WOSA (nseg = 6), tapering (Welch type) and bias correction (nsim =
10,000). The frequency range (number of fj) was oversampled by a factor 64. The 6-
dB bandwidth is ∼ 0.001 a−1. Smooth lines show (from bottom) upper 90%, 95%, 99%
and 99.9% chi-squared bounds for an AR(1) red-noise hypothesis (τ = 9.6 a); highest
bound recognizes the test multiplicity (M = NINT [n/(nseg +1)] = 139). (Bootstrap
bounds (Algorithm 5.4) are nearly identical to chi-squared bounds.) Spectral peaks
labelled from I to V, possibly reflecting solar activity variations, are discussed in the
text. (After Fleitmann et al. 2003.)

f  = 2fNy + falias = 2 · 0.5 a−1 + 1/10.5 a−1 ≈ 1.095 a−1. However, the
sunspot cycle has in the past decades been observed by means of satellite
measurements at much higher resolution than d = 1a without any hints
for such a 0.913-year cycle (Willson and Hudson 1988).

Aliasing means not only “folding” of power associated with spectral
peaks, it can introduce also broad-band bias in the interval [0; fNy].

The following points suggest, however, that aliasing is not a major
problem in spectral analysis of climate time series.

High time resolution. A large portion of climate time series is mea-
sured today with advanced equipment (e.g., satellites) or in laborato-
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Book, Algorithm 5.5

Part 3:  Examples
Spectrum estimation, stalagmite Q5, Holocene210 5 Spectral Analysis

Step 1 Time series {t(i), x(i)}n
i=1

Step 2 Bias-corrected Lomb–Scargle

spectrum (Algorithm 5.3) h(fj)

Step 3 Estimated, bias-corrected

persistence time τ 

Step 4 Determine area Ah

under spectrum within [0; (2d̄)−1]

Step 5 Generate AR(1) data (Eq. 2.9) {t(i), x∗(i)}n
i=1

Step 6 Use timescale model

to resample times {t∗(i)}n
i=1

Step 7 Bias-corrected Lomb–Scargle

spectrum estimate h∗b(fj)

for {t∗(i), x∗(i)}n
i=1

(b, counter),

scaled to area Ah

Step 8 Go to Step 5 until b = B

replications exist

Step 9 Test at each fj whether

h(fj) exceeds a pre-defined

upper percentile of
h∗b(fj)

B

b=1

Algorithm 5.5. Adaption to timescale errors: test of red-noise spectrum hypothesis
for uneven spacing, Lomb–Scargle estimation and surrogate data resampling. At Step
5, τ  is plugged in for τ . The size of B depends on the size of the percentile. The sets
of frequencies fj at Steps 2 and 7 are identical.

red noise interacting with the unevenly spaced timescale, as was found
when repeating the analysis without annual cycle. Caution is therefore
required when interpreting spectral peaks at frequencies much higher
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Part 3:  Examples
Spectrum estimation, stalagmite Q5, Holocene

Book, Algorithms 5.5, 5.6, Figs. 5.8, 5.11, Section 5.2.8

Timescale error effects?
 Test using t(i)* simulation
 Peak I likely affected, possibly also peaks II to IV
 Peak V (Tperiod = 963 a) robust
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Figure 5.8. Monsoon spectrum, Lomb–Scargle estimation. Input time series is the
detrended Q5 δ18O record (Fig. 4.18), a proxy for Holocene Indian monsoonal rainfall.
Time interval is from 8 ka b.p. to 2.7 ka b.p., that is, from after the cold and dry 8.2-ka
extreme (Fig. 4.18; Rohling and Pälike (2005)) to when stalagmite growth ceased (n
= 973, d̄ = 5.4 a). The spectrum (wiggly line) was calculated using the Lomb–Scargle
periodogram, WOSA (nseg = 6), tapering (Welch type) and bias correction (nsim =
10,000). The frequency range (number of fj) was oversampled by a factor 64. The 6-
dB bandwidth is ∼ 0.001 a−1. Smooth lines show (from bottom) upper 90%, 95%, 99%
and 99.9% chi-squared bounds for an AR(1) red-noise hypothesis (τ = 9.6 a); highest
bound recognizes the test multiplicity (M = NINT [n/(nseg +1)] = 139). (Bootstrap
bounds (Algorithm 5.4) are nearly identical to chi-squared bounds.) Spectral peaks
labelled from I to V, possibly reflecting solar activity variations, are discussed in the
text. (After Fleitmann et al. 2003.)

f  = 2fNy + falias = 2 · 0.5 a−1 + 1/10.5 a−1 ≈ 1.095 a−1. However, the
sunspot cycle has in the past decades been observed by means of satellite
measurements at much higher resolution than d = 1a without any hints
for such a 0.913-year cycle (Willson and Hudson 1988).

Aliasing means not only “folding” of power associated with spectral
peaks, it can introduce also broad-band bias in the interval [0; fNy].

The following points suggest, however, that aliasing is not a major
problem in spectral analysis of climate time series.

High time resolution. A large portion of climate time series is mea-
sured today with advanced equipment (e.g., satellites) or in laborato-
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Part 3:  Examples
Spectrum estimation, stalagmite Q5, Holocene

Book, Figs. 4.18 (modified), 5.8

Oxygen isotope record (Q5)        
 Monsoon rainfall proxy      Estimated spectrum

Use spectrum to filter out frequency ranges of interest.
Study physics of Sun–monsoon system.
Take into account all relevant records (multiple test).

206 5 Spectral Analysis

0.00 0.05 0.10
Frequency (a–1)

1

10

100

N
or

m
al

iz
ed

 s
pe

ct
ra

l p
ow

er

V IV III
II

I

Figure 5.8. Monsoon spectrum, Lomb–Scargle estimation. Input time series is the
detrended Q5 δ18O record (Fig. 4.18), a proxy for Holocene Indian monsoonal rainfall.
Time interval is from 8 ka b.p. to 2.7 ka b.p., that is, from after the cold and dry 8.2-ka
extreme (Fig. 4.18; Rohling and Pälike (2005)) to when stalagmite growth ceased (n
= 973, d̄ = 5.4 a). The spectrum (wiggly line) was calculated using the Lomb–Scargle
periodogram, WOSA (nseg = 6), tapering (Welch type) and bias correction (nsim =
10,000). The frequency range (number of fj) was oversampled by a factor 64. The 6-
dB bandwidth is ∼ 0.001 a−1. Smooth lines show (from bottom) upper 90%, 95%, 99%
and 99.9% chi-squared bounds for an AR(1) red-noise hypothesis (τ = 9.6 a); highest
bound recognizes the test multiplicity (M = NINT [n/(nseg +1)] = 139). (Bootstrap
bounds (Algorithm 5.4) are nearly identical to chi-squared bounds.) Spectral peaks
labelled from I to V, possibly reflecting solar activity variations, are discussed in the
text. (After Fleitmann et al. 2003.)

f  = 2fNy + falias = 2 · 0.5 a−1 + 1/10.5 a−1 ≈ 1.095 a−1. However, the
sunspot cycle has in the past decades been observed by means of satellite
measurements at much higher resolution than d = 1a without any hints
for such a 0.913-year cycle (Willson and Hudson 1988).

Aliasing means not only “folding” of power associated with spectral
peaks, it can introduce also broad-band bias in the interval [0; fNy].

The following points suggest, however, that aliasing is not a major
problem in spectral analysis of climate time series.

High time resolution. A large portion of climate time series is mea-
sured today with advanced equipment (e.g., satellites) or in laborato-
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Part 3:  Examples
Correlation estimation, Agulhas current, Pleistocene

Beal et al. (2011) Nature 472:429

Recent:
 Temperature
 Agulhas flow
Paleo:
 Temperature
 (via sediment core)
Inference target:
 Paleo Agulhas flow
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Part 3:  Examples
Correlation estimation, Agulhas current, Pleistocene

Beal et al. (2011) Nature 472:429

Recent:
 Temperature (X)
 Agulhas flow (Y)
Paleo:
 Temperature
 (via sediment core)
Inference target:
 Paleo Agulhas flow
Method:
 Look for max(rXY)
 with bootstrap CI
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Climate equation, discrete time           Time series

Climate equation, discrete time           Time series

Bivariate setting, equal time points
 Absent trends, absent outliers, constant variability

Book, Eqs. (7.1) (7.2)

286 7 Correlation

7.1 Pearson’s correlation coefficient
Let us assume in this chapter, for simplicity of exposition, that the cli-

mate process, X(i), has a constant trend function at level µX , a constant
variability, SX , and no outlier component. In discrete time,

X(i) = Xtrend(i) + Xout(i) + S(i) ·Xnoise(i)
= µX + SX ·Xnoise(i).

(7.1)

Assume analogously for the second climate process, Y (i), which is on
the same time points, T (i), as the first climate process,

Y (i) = µY + SY · Ynoise(i). (7.2)

The correlation coefficient is then defined as

ρXY =
E [{X(i)− µX} · {Y (i)− µY }]

SX · SY
. (7.3)

The correlation measures the degree of the linear relationship between
the variables X and Y ; ρXY is between −1 (“anti-correlation”) and 1.

For convenience of presentation we introduce here the correlation op-
erator,

CORR [X(i), Y (i)] =
COV [X(i), Y (i)]

{VAR [X(i)] · VAR [Y (i)]}1/2
. (7.4)

The definition of the correlation coefficient is thus based on the assump-
tion of time-constancy of CORR [X(i), Y (i)] = ρXY .

Let {X(i), Y (i)}n
i=1 be a bivariate sample (process level). Pearson’s

(1896) estimator of ρXY is

rXY =
1
n

n
i=1


X(i)− X̄

Sn,X


·


Y (i)− Ȳ

Sn,Y


, (7.5)

where

X̄ =
n

i=1

X(i) /n (7.6)

and

Ȳ =
n

i=1

Y (i) /n (7.7)

1 Introduction 5

X(T ) = Xtrend(T ) +Xout(T ) + SX(T ) · Xnoise(T ) (1.1)

Y (T ) = Ytrend(T ) + Yout(T ) + SY (T ) · Ynoise(T ) (1.2)

{t(i), x(i)}n
i=1

{t(i), y(i)}n
i=1

To restate, the aim of this book is to provide methods for obtaining
quantitative estimates of parameters of Xtrend(T ), Xout(T ), S(T ) and
Xnoise(T ) using the observed time series data {t(i), x(i)}n

i=1.
A problem in climate analysis is that the observation process super-

imposes on the climatic process. Xnoise(T ) may show not only climatic
but also measurement noise. Outliers can be produced by power loss
in the recording instrument. Non-climatic trends result, for example,
from changing the recording situation. An example is temperature mea-
surements made in a town that are influenced by urbanization (meaning
an increased heat-storage capacity). However, measurement noise can
in principle be reduced by using better instruments, and outliers and
trends owing to the observation system can be removed from the data—
climatologists denote such observation trend free data as homogeneous.
A further problem in real-world climatology is that also the time val-

ues have to be estimated, by dating (Section 1.1). Dating errors are
expected to add to the noise and make the result more uncertain.
Consider a second climate variable, Y (T ), composed as X(T ) in Eq.

(1.2) of trend, outliers, variability and noise. The interesting new point is
the dependence between X(T ) and Y (T ). Take as example the relation
between concentration of CO2 in the atmosphere and the global sur-
face temperature. In analogy to univariate X, we write {X(T ), Y (T )},
{T (i), X(i), Y (i)} and {t(i), x(i), y(i)}n

i=1 for such bivariate processes
and time series. This book describes methods only for uni- and bivari-
ate time series. Possible extensions to higher dimensions are mentioned
in Chapter ??.
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7.1 Pearson’s correlation coefficient
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the variables X and Y ; ρXY is between −1 (“anti-correlation”) and 1.

For convenience of presentation we introduce here the correlation op-
erator,

CORR [X(i), Y (i)] =
COV [X(i), Y (i)]

{VAR [X(i)] · VAR [Y (i)]}1/2
. (7.4)

The definition of the correlation coefficient is thus based on the assump-
tion of time-constancy of CORR [X(i), Y (i)] = ρXY .

Let {X(i), Y (i)}n
i=1 be a bivariate sample (process level). Pearson’s

(1896) estimator of ρXY is

rXY =
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n
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, (7.5)
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Pearson’s correlation coefficient (rXY estimates ρXY)
 –1 ≤ rXY ≤ 1

Sample means
   Sample standard deviations
   (denominator n)
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Book, Eqs. (7.6) (7.7), (7.8), (7.9)
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are the sample means and

Sn,X =


n

i=1


X(i)− X̄

2 /n

1/2

(7.8)

and

Sn,Y =


n

i=1


Y (i)− Ȳ

2 /n

1/2

(7.9)

are the sample standard deviations calculated with the denominator
n (instead of n − 1). On the sample level, given a bivariate sample
{x(i), y(i)}n

i=1, plug in those values for X(i) and Y (i) in Eqs. (7.5), (7.6),
(7.7), (7.8) and (7.9). The estimator rXY is called Pearson’s correlation
coefficient. Also rXY is between −1 and 1.

7.1.1 Remark: alternative correlation measures
It is of course possible to employ other estimators. For example, Sn−1

(Eq. 3.19) may replace Sn for estimating SX or SY , leading to an (unfor-
tunate) correlation estimator that can have values < −1 or > 1. Another
option may be to subtract the sample medians (Galton 1888) and not
the sample means (Eqs. 7.6 and 7.7). More complex examples arise when
time-dependent trend functions are subtracted or time-dependent vari-
ability functions used for normalization. Such cases may be relevant for
climate time series analysis. All those examples lead to other correlation
measures than ρXY and other correlation estimators than rXY . Their
properties and CI performance can in principle be studied in the same
manner with Monte Carlo methods. Here we focus on rXY , stationary
trends and variabilities. Another measure (Spearman’s) is analysed in
Section 7.2.

7.1.2 Classical confidence intervals,
non-persistent processes

Let X(i) and Y (i) both be a stochastic process without persistence
or “memory.” Let further X(i) and Y (i) both have a Gaussian distribu-
tional shape; their joint distribution is then denoted as bivariate normal
or binormal distribution (Section 7.1.3.1). The PDF of Pearson’s corre-
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Pairwise-moving block bootstrap (pairwise-MBB)

Block length selector

Book, Eqs. (7.31), (7.32)
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gorithm 7.1) for a bivariate AR(1) process on an unevenly spaced time
grid.

7.1.5 Bootstrap confidence intervals
For processes with persistence, possibly of more complex form than

AR(1), and distributional shapes more complex than Gaussian, that
means, for the majority of climate processes, the classical CI for rXY is
not exact but approximate. The accuracy of it is expected to depend
on how strongly the properties of the process deviate from the assumed
properties. This brings naturally the bootstrap into play. Two algo-
rithms are analysed that resample data pairs, (x(i), y(i)), namely the
pairwise-MBB and the pairwise-ARB algorithm. Both resampling types
serve to construct bootstrap CIs.

7.1.5.1 Pairwise-moving block bootstrap
The pairwise-MBB (Algorithm 7.2), already introduced for regression

(Section 4.1.7.1), extends the ability of the MBB to preserve persistence
of a single process, X(i), over the length of a block, to the bivariate
setting. Because also Y (i) can exhibit the memory phenomenon, ex-
pressed by the persistence time, τY , block length selection may be more
difficult in the bivariate than in the univariate setting. Mudelsee (2003)
suggested the block length selector

lopt = 4 max (τX , τY ) . (7.30)

In practice, the (bias-corrected) persistence-time estimates τ 
X and τ 

Y
are plugged in. Although Monte Carlo experiments (Mudelsee 2003)
revealed acceptable coverage performance of BCa CIs for rXY , it should
be worth testing other block length selectors. This is also in line with
the “optimal estimation” strategy (Section 6.2.7).

The second selector is, thus, based on combining the bias-corrected
equivalent autororrelation coefficients, ̄aX and ̄aY , in a new expression,

̄aXY =

̄aX · ̄aY

1/2
, (7.31)

and employing the univariate selector (Eq. 3.28). This yields

lopt = NINT


61/2 · ̄aXY


1− ̄a 2XY

2/3
· n1/3


. (7.32)

Another technical measure is the z-transformation. First, a bootstrap
CI is constructed for z and then the CI bounds are re-transformed to
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Another technical measure is the z-transformation. First, a bootstrap
CI is constructed for z and then the CI bounds are re-transformed to

Block 1

Block 2 Block n – l + 1

x (1) x (2) x (l ) x (l + 1) x (n)x (n – l + 1)

y (1) y (2) y (l ) y (l + 1) y (n)y (n – l + 1)
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306 7 Correlation

Table 7.4. Monte Carlo experiment, Pearson’s correlation coefficient with Fisher’s
z-transformation for bivariate lognormal AR(1) processes. The number of Monte
Carlo simulations and the properties of {T (i), X(i), Y (i)}n

i=1 are identical to those
in the first experiment (Table 7.1), with the exception that ρE is here given via Eq.
(7.24). The construction of CIs followed Algorithms 7.1 and 7.2.

n γa
rXY

Nominal

True correlation, ρXY

0.3 0.8

CI type CI type

Bootstrap Classical Bootstrap Classical

Students t BCa Students t BCa

10 0.820 0.701 0.748 0.864 0.778 0.875 0.950
20 0.876 0.808 0.805 0.904 0.859 0.807 0.950
50 0.932 0.875 0.848 0.898 0.864 0.737 0.950

100 0.939 0.866 0.836 0.895 0.856 0.684 0.950
200 0.941 0.879 0.781 0.897 0.853 0.633 0.950
500 0.907 0.876 0.767 0.899 0.846 0.554 0.950

1000 0.911 0.885 0.730 0.913 0.866 0.551 0.950

a Standard error of γrXY is nominally 0.001.

ably good coverage accuracies for n  100. In the second experiment,
bootstrap Student’s t CIs for rXY performed slightly better than boot-
strap BCa (too low coverage) or classical CIs (too high coverage).

The dependence of the coverage results on the true values, ρXY or ρS,
which were prescribed as 0.3 and 0.8, seems weak.

The better performance of rS in comparison with rXY is rooted in
its robustness, which in turn stems from the use of the ranks of the
values instead of the values themselves (Fieller et al. 1957). The Monte
Carlo simulations reveal that the robustness influences positively also
the property of coverage accuracy.

Pairwise-ARB resampling in combination with Student’s t CIs per-
formed less good than pairwise-MBB resampling (results not shown),
but the coverage error (some percentage points) may be acceptable in
climate sciences. Pairwise-ARB resampling in combination with BCa
CIs, on the other hand, produced clearly too large coverage errors.
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308 7 Correlation

Table 7.6. Monte Carlo experiment, Pearson’s and Spearman’s correlation coeffi-
cients with Fisher’s z-transformation for bivariate lognormal AR(1) processes: cali-
brated CI coverage performance. The number of Monte Carlo simulations and the
properties of {T (i), X(i), Y (i)}n

i=1 are identical to those in the first experiment (Table
7.1), with ρE given by Eq. (7.24) and Table 7.8, respectively. Calibrated Student’s
t CIs were constructed after Eq. (3.47) using two loops of pairwise-MBB resampling
with block length selection after Eqs. (7.31) and (7.32). The first loop (bootstrap
of samples) used B = 2000 resamplings, the second loop (bootstrap of resamples)
used 1000 resamplings. In the second loop, the block length was not re-estimated but
overtaken from the first loop. The spacing of the λ values for the calibration (Eq.
3.45) is 0.001.

n γarXY
γarS Nominal

True correlation, ρXY True rank correlation, ρS

0.3 0.8 0.3 0.8

10 0.917 0.836 0.912 0.959 0.950
20 0.959 0.937 0.960 0.939 0.950
50 0.964 0.947 0.944 0.929 0.950

100 0.969 0.947 0.951 0.945 0.950
200 0.966 0.946 0.970 0.948 0.950

a Standard errors of γrXY and γrS are nominally 0.001.

Table 7.7. Monte Carlo experiment, Pearson’s and Spearman’s correlation coeffi-
cients with Fisher’s z-transformation for bivariate lognormal AR(1) processes: aver-
age calibrated CI length. The number of Monte Carlo simulations is nsim = 47,500.
See Table 7.6 for further details.

n  CIrXY ,95% length a  CIrS,95% length a

True correlation, ρXY True rank correlation, ρS

0.3 0.8 0.3 0.8

10 1.691 1.028 1.743 1.744
20 1.713 0.506 1.789 0.834
50 1.593 0.291 1.709 0.263

100 1.203 0.229 1.367 0.167
200 0.929 0.184 0.890 0.135

a Average value over nsim simulations.
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Monte Carlo experiments, in terms of CI coverage accuracy

 1. Classical CIs fail completely for non-Gaussian shapes.

 2. Usage of Spearman’s rS instead of Pearson’s rXY advised:
   If distributional shapes Gaussian, then
    both perform similar
   else if shapes are non-Gaussian (e.g., skewed), then
    Pearson’s rXY performs badly.

 3. Calibration (expensive) increases accuracy (small n) strongly.

Part 3:  Examples
Correlation estimation, Agulhas current, Pleistocene
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Conclusion

Paleoclimate time series analysis
is exciting!
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Conclusion

Paleoclimate time series analysis
is exciting!

Thanks!
Postdoc job:
www.climate-risk-analysis.com
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AppendixPart 1:  Paleoclimate
Paleoclimate time series

2000 4000 6000 8000 10000
Age (a B.P.)
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δ1
8 O

 (‰
)

,

Wet

dry

Book, Figs. 4.18 (modified); Fleitmann et al. (2004: Fig. 1a) Quaternary Science Reviews 23:935
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AppendixPart 2:  Time Series Analysis
First-order autoregressive model

Why not interpolate?

Monte Carlo experiment
n = 50,
uneven spacing (σd),
τ = –1/ln(0.7) ≈ 2.804,
     = 0.7
Equivalent autocorrelation coefficient

Estimated equivalent autocorrelation coefficient
averaged over nsim = 10,000 simulations

38 2 Persistence Models
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Figure 2.3. Monte Carlo study of the bias in the autocorrelation estimation of an
AR(1) process, known mean, uneven spacing. Time series were generated after Eq.
(2.9) with n = 50 and τ = −1/ ln(0.7) ≈ 2.804 by means of a random number
generator (Section 2.7). The start was set to T (1) = t(1) = 1; the spacing, d(i), was
drawn from a gamma distribution with a pre-defined order parameter (Section 2.7)
and subsequently scaled such that t(n) = 50 or d̄ = 1. The “equivalent autocorrelation
coefficient” is ā = exp(−d̄/τ) = 0.7. The standard deviation of the spacing, σd, was
used as a measure of the unevenness. For each time grid (σd fixed), a number (nsim =
10,000) of time series were generated and τ determined after Eq. (2.11). Shown (open
symbols) is the average of the quantity exp(−d̄/τ) over the simulations. Also shown
(filled symbols) is the average of the estimator a (Eq. 2.4) applied to the linearly
interpolated, equidistant time series (same start and end, same data size). (The
standard error (∼ 1/

√
nsim) of the estimation averages is smaller than the symbol

size.) The true autocorrelation value (solid line) is underestimated by the τ estimator.
This negative bias is excellently described by the bias approximation (dashed line)
of White (1961) from the case of even spacing. The interpolation, on the other
hand, leads to serious overestimation. This effect is owing to the serial dependence
introduced by the interpolation (Fig. 1.13), it increases with σd. No formulas to
correct for this bias exist.

2.1.2.1 Embedding in continuous time
In continuous time, the AR(1) noise model is given in “differential

notation” by

dXnoise(T ) = a · Xnoise(T ) dT + dW (T ), (2.13)

where a is the autocorrelation parameter, dT is a time increment and
dW (T ) is an innovation term of the Wiener process (also called Brownian
motion), W (T ). As the discrete-time model, the continuous-time AR(1)
model has an exponentially decaying autocorrelation function (Priestley
1981).

78 3 Bootstrap Confidence Intervals

3.3.1 Nonparametric: moving block bootstrap
The moving block bootstrap algorithm, denoted as MBB, divides the

time series values {x(i)}n
i=1 into sequences or blocks of l consecutive

points (Algorithm 3.1). The blocks may overlap, their number is n−l+1.
MBB draws randomly a block and inserts the contained values as the
first l resample values, {x∗(i)}l

i=1. The next randomly drawn block
yields {x∗(i)}2l

i=l+1, and so forth. When the last point, x∗(n), has been
inserted, the algorithm stops; remaining block values are discarded. The
resampled times are unchanged (Algorithm 3.1). One indexes the first
resample as


t∗1(i), x∗1(i)

n

i=1
and repeats MBB until B resamples exist.

A possible adaption of the MBB to uneven spacing is introduced in
Section 3.3.1.2. Other nonparametric bootstrap algorithms are described
briefly in the background material (Section 3.8).

3.3.1.1 Block length selection
Selection of the block length, l, is a crucial step because it determines

properties like bootstrap standard error or bootstrap CI coverage accu-
racy. Berkowitz and Kilian (2000: p. 20 therein) describe the trade-off
problem involved as follows: “As the block size becomes too small, the
[MBB] destroys the time dependency of the data and its average accu-
racy will decline. As the block size becomes too large, there are few
blocks and [resamples] will tend to look alike. As a result, the average
accuracy of the [MBB] also will decline. This suggests that there exists
an optimal block size [lopt] which maximizes accuracy.”

A simple block length selector can be derived from Sherman et al.
(1998), who adapted a formula from Carlstein (1986), to the MBB:

lopt = NINT


61/2 · ̄a


1− ̄a2

2/3
· n1/3


, (3.28)

where NINT (·) is the nearest integer function and ̄a = exp(−d̄/τ) is the
estimated “equivalent autocorrelation coefficient” (Fig. 2.3) of an AR(1)
process fitted to the data with uneven spacing. (If ̄a → 0 and ̄a → 1,
then take lopt = 1 and lopt = n − 1, respectively.) In the case of even
spacing, ̄a can be taken from Eq. (2.4). Instead of ̄a, also a bias-corrected
version, ̄a, can be used, see Section 2.6. Employing this block length
selector for real-world problems is evidently a simplification because it
was developed for normal shape, AR(1) persistence, even spacing and
bootstrap standard error estimation. Hall et al. (1995a) show that for
bootstrap CI estimation, lopt should increase at a slower rate with n.
On the other hand, in practice some simplification is inevitable, and
the formula might yield acceptable results. This can be assessed by
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Book, Fig. 2.3 (modified)
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AppendixPart 2:  Time Series Analysis
Climate theory

Climate, X(T)
Weather, Y(T)

Weather components
“leave a trace” in climate.

Climate does not run away:
negative feedback (~ X)

2.5 Climate theory 45

The dynamical view seems to be challenged by a series of papers claim-
ing a “universal power law” in temperature records. This law indicates
long memory, not short as the AR(1) models suggests. Long memory
of temperature fluctuations over timescales from days to decades should
seriously impact the development of climate theory. It would further
have enormous practical consequences as weather forecasts for intervals
considerably longer than what is currently feasible (a few days) would
become principally possible.

The re-analysis of some crucial data here (Section 2.5.2) makes it hard
to accept the “universal power law.” It should nevertheless be kept in
mind that the AR(1) model need not be a good higher-order description
of X(T ). However, after allowing nonlinear trends and outlier processes
(Eq. 1.2), the AR(1) model is likely not a bad candidate to describe
Xnoise(T ).

2.5.1 Stochastic climate models
The derivation of the AR(1) model of climate persistence is based on

three assumptions.

Assumption 1 is timescale separability. The climate system as a
whole (p. 3) is composed of a slowly varying component (“climate” in
original sense), representing oceans, biosphere and cryosphere, and a
fast varying component (“weather”), representing the atmosphere.

The differential equations governing the climate evolution may then be
written as

dX(T )
dT

= F (X(T ), Y (T )), timescale τX , (2.25)

dY (T )
dT

= G(X(T ), Y (T )), timescale τY , (2.26)

where τX  τY , X and Y are the slowly and fast varying components
(vectors of possibly high dimension), respectively, and F and G are some
nonlinear system operators. τY is of the order of a few days, τX of several
months to years and more (Hasselmann 1976).

It was previously thought that the influence of Y on X, of weather
on climate, could be accounted for by simply averaging,

dX(T )
dT

 F ∗(X(T )), timescale τX , (2.27)

where the modified climate system operator, F ∗, is the time average of
F (X, Y ).

46 2 Persistence Models

Since the work of Hasselmann (1976) it is accepted that the weather
noise cannot so easily be cancelled out. Consider 0 ≤ T ≤ τX . Then

dX(T )
dT

 F (X(0), Y (T )),

= W (T ),
(2.28)

where W is a stochastic (Wiener) process. Discretization yields

X(T + 1) = X(T ) + EN(0, σ2)(T ). (2.29)

Here we have made

Assumption 2. The unknown weather components Y (T ) add up
to yield after the central limit theorem (Priestley 1981: Section 2.14
therein) a Gaussian purely random process EN(0, σ2)(T ).

Now let T > τX . Then the time-dependence of F (X(T ), Y (T )) has to
be taken into account. Since the climate system trajectories have to be
bounded, we must invoke a negative feedback mechanism. The simplest
model for that is given by

Assumption 3. The negative feedback is proportional to the climate
variable, X(T ), yielding F (X(T ), Y (T )) = −β ·X(T ) + W (T ).

Assumption 3 makes Eq. (2.29), which is a nonstationary random walk
process (Section 2.6), to a stationary AR(1) process,

X(T + 1) = a ·X(T ) + EN(0, σ2)(T ), (2.30)

with 0 ≤ a = 1 − β < 1. (Strictly speaking, this is an “asymptotically
stationary” AR(1) process, see background material.) This explanation
of Hasselmann’s (1976) derivation of climate’s AR(1) model is from von
Storch and Zwiers (1999: Section 10.4.3 therein). Another account of the
1976 paper and its influence on climatology is given by Arnold (2001).

The suitability of the AR(1) noise model depends on how well As-
sumptions 1, 2 and 3 are fulfilled. Assumption 1 (timescale separability)
is generally thought to be well fulfilled. The root cause is that the
atmosphere has a much smaller density and heat capacity than most
of the rest of the climate system, allowing weather processes to run
faster. One caveat may be that some climatically relevant biological
processes, such as algae growth (Lovelock and Kump 1994), may act
also on short timescales. The validity of Assumption 2 is difficult to
prove. It might well be that some weather influences do not add but
rather multiply with each other, producing non-Gaussian distributional
shape (Section 1.2; Sura et al. (2005)). But Assumption 2 can be relaxed

W(T), Wiener process (“continuous-time noise increment”)
Hasselmann (1976) Tellus 28:473; Book, Eqs. (2.25), (2.26), (2.28), (2.29), (2.30), Section 2.5.1
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AppendixPart 2:  Time Series Analysis
Climate theory

Support of simple AR(1) climate noise model

 1. Weather components (Hasselmann 1976)

 2. Climate equation

 3. We have also trend, outliers/extremes and variability to
  describe climate.

4 1 Introduction

assumption like others in the business: three-dimensional space, time
arrow and causality, mathematical axioms (Kant 1781; Polanyi 1958;
Kandel 2006). The book also follows the optimistic path of Popper
(1935): small and accurately known ranges of uncertainty about the
climate system enable more precise climate hypotheses to be tested,
leading to enhanced knowledge and scientific progress. Also if one shares
Kuhn’s (1970) view, paradigm shifts in climatology have better success
chances if they are substantiated by more accurate knowledge. It is the
aim of this book to provide methods for obtaining accurate information
from complex time series data.

Climate evolves in time, and a stochastic process (a time-dependent
random variable representing a climate variable with not exactly known
value) and time series (the observed or sampled process) are central to
statistical climate analysis. We shall use a wide definition of trend and
decompose a stochastic process, X, as follows:

X(T ) = Xtrend(T ) + Xout(T ) + S(T ) · Xnoise(T ), (1.1)

where T is continuous time, Xtrend(T ) is the trend process, Xout(T ) is
the outlier process, S(T ) is a variability function scaling Xnoise(T ), the
noise process. The trend is seen to include all systematic or determi-
nistic, long-term processes such as a linear increase, a step change or a
seasonal signal. The trend is described by parameters, for example, the
rate of an increase. Outliers are events with an extremely large absolute
value and are usually rare. The noise process is assumed to be weakly
stationary with zero mean and autocorrelation. Giving Xnoise(T ) stan-
dard deviation unity enables introduction of S(T ) to honour climate’s
definition as not only the mean but also the variability of the state of
the atmosphere and other compartments (Brückner 1890; Hann 1901;
Köppen 1923). A version of Eq. (1.1) is written for discrete time, T (i),
as

X(i) = Xtrend(i) + Xout(i) + S(i) · Xnoise(i), (1.2)

using the abbreviation X(i) ≡ X(T (i)), etc. However, for unevenly
spaced T (i) this is a problematic step because of a possibly non-unique
relation between Xnoise(T ) and Xnoise(i), see Section 2.1.2.1. The ob-
served, discrete time series from process X(i) is the set of size n of paired
values t(i) and x(i), compactly written as {t(i), x(i)}n

i=1. To restate, the
aim of this book is to provide methods for obtaining quantitative esti-
mates of parameters of Xtrend(T ), Xout(T ), S(T ) and Xnoise(T ) using
the observed time series data {t(i), x(i)}n

i=1.
A problem in climate analysis is that the observation process super-

imposes on the climatic process. Xnoise(T ) may show not only climaticBook, Eq. (1.2)
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AppendixPart 2:  Time Series Analysis
Bootstrap resampling

Autoregressive bootstrap (ARB)
 Take noise residuals r(i)
 Fit AR(1) model
 Take white-noise residuals
 Draw randomly from e(i) with replacement (ordinary bootstrap)
 Plug in resampled e(i)
 Plug in resampled r(i)
 

84 3 Bootstrap Confidence Intervals

Step 1 Data {t(i), x(i)}n
i=1

Step 2 Resampled times {t∗(i)}n
i=1 = {t(i)}n

i=1

unchanged

Step 3 Estimated trend, {xtrend(i)}n
i=1, {xout(i)}n

i=1,
S(i)

n

i=1

outliers, variability

Step 4 Climate equation {r(i)}n
i=1

residuals (Eq. 3.29)

Step 5 Assume {r(i)}n
i=1 to

come from AR(1)

model for even

spacing (Eq. 2.1)

Step 6 Estimate AR(1)

parameter (Eq. 2.4) a
Step 7 Bias correction a

Step 8 White-noise residuals (i) = [r(i)− a · r(i− 1)]

×

1− (a)2−1/2

,

i = 2, . . . , n

Step 9 Centering ̃(i) = (i)−
n

i=2 (i)/(n− 1)

Step 10 Draw ̃∗(j),

j = 2, . . . , n,

with replacement from {̃(i)}n
i=2

Step 11 Resampled climate r∗(1) drawn from {r(i)}n
i=1,

residuals r∗(i) = a·r∗(i−1)+
1− (a)21/2· ̃∗(i),

i = 2, . . . , n

Step 12 Resampled data x∗(i) = xtrend(i) + xout(i) + S(i) · r∗(i),
i = 1, . . . , n

Algorithm 3.4. Autoregressive bootstrap algorithm (ARB), even spacing.

Book, Algorithms 3.3, 3.4
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AppendixPart 2:  Time Series Analysis
Bootstrap confidence intervals

Bootstrap standard error

86 3 Bootstrap Confidence Intervals

3.3.3 Parametric: surrogate data
The surrogate data approach (Algorithm 3.6), related to ARB, is a

simulation rather than a resampling method. No residuals are drawn as
in the ARB. Instead, climate equation residuals {r∗(i)}ni=1 are obtained
by numerical simulation (Step 8) from the persistence model with esti-
mated (and bias-corrected) parameters. Because also the distributional
shape is specified, the surrogate data approach is bounded stronger by
parametric restrictions than the ARB. Therein lies its danger: it is more
prone than the ARB to systematic errors from violated assumptions.

3.4 Bootstrap confidence intervals
Estimation of θ is repeated for the resamples, {t∗b(i), x∗b(i)}ni=1, b =

1, . . . , B. This yields the bootstrap replications, {θ∗b}Bb=1. The repli-
cations are used to construct equi-tailed (1 − 2α) confidence intervals,
CIθ,1−2α

, see Fig. 3.3.
Two approaches, standard error based and percentile based, domi-

nate theory and practice of bootstrap CI construction. The estimated
bootstrap standard error is the sample standard error of the replications,

seθ∗ =


B
b=1

θ∗b −
θ∗b

2


(B − 1)

1/2

, (3.30)

where
θ∗b


=

B
b=1

θ∗b/B. The percentiles result from the empirical
distribution function (Eq. 3.43) of the replications. The accuracy of
bootstrap CIs depends critically on the similarity (in terms of standard
errors or percentiles) of the distribution of the bootstrap replications
and the true distribution, f(θ). Various concepts exist for accounting
for the deviations between the two distributions.

Suppressing “simulation noise” requires more resamples for percentile
estimation than for bootstrap standard error estimation. This book
follows the recommendation of Efron and Tibshirani (1993), and sets
throughout B = 2000 (or 1999 for percentile CIs). For a reasonable
α value such as 0.025, this means that a number of 50 replications are
outside the percentile bound. An own simulation study, analysing the
coefficient of variation of a CI endpoint in dependence of B, confirmed
that this choice is sufficient also in a bivariate setting (Mudelsee and
Alkio 2007).
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AppendixPart 2:  Time Series Analysis
Bootstrap confidence intervals

Normal confidence interval

z(α) Percentage point of normal distribution
  Example
   z(1 – 0.025) ≈ 1.959964
   “±2-sigma interval is 95% CI.”
  

3.4 Bootstrap confidence intervals 87

Step 1 Data {t(i), x(i)}n
i=1

Step 2 Resampled times {t∗(i)}n
i=1 = {t(i)}n

i=1

unchanged

Step 3 Estimated trend, {xtrend(i)}n
i=1,

outliers, {xout(i)}n
i=1,

variability
S(i)

n

i=1

Step 4 Climate equation {r(i)}n
i=1

residuals (Eq. 3.29)

Step 5 Assume {r(i)}n
i=1 to

come from

specific model

(shape, persistence)

Step 6 Estimate model

parameters

Step 7 Bias correction

Step 8 Simulate climate

equation residuals {r∗(i)}n
i=1

from estimated model

Step 9 Simulated data x∗(i) = xtrend(i) + xout(i) + S(i) · r∗(i),
i = 1, . . . , n

Algorithm 3.6. Surrogate data approach.

3.4.1 Normal confidence interval
The bootstrap normal confidence interval, already given in Fig. 3.3,

is

CIθ,1−2α
=

θ + z(α) · seθ∗ ; θ − z(α) · seθ∗

, (3.31)

where z(α) is the percentage point of the normal distribution (Sec-
tion 3.9).

Book, Section 3.9
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AppendixPart 2:  Time Series Analysis
Bootstrap confidence intervals

Student’s t confidence interval

tν(α) Percentage point of Student’s t-distribution
   with ν degrees of freedom (ν = n – number of parameters)
  Takes into account that not only standard error,
   but also fit value estimated.
  Negligible difference to normal CI if ν above ~ 30

88 3 Bootstrap Confidence Intervals

3.4.2 Student’s t confidence interval
The bootstrap Student’s t confidence interval is

CIθ,1−2α
=

θ + tν(α) · seθ∗ ; θ − tν(α) · seθ∗

, (3.32)

where tν(α) is the percentage point of the t distribution function with
ν degrees of freedom (Section 3.9). It is in practice presumably always
more accurate to prefer, as this book does, Student’s t CIs over normal
CIs because they recognize the reduction of degrees of freedom. (For
data sizes above, say, 30, the difference becomes negligible.)

3.4.3 Percentile confidence interval
The bootstrap percentile confidence interval is

CIθ,1−2α
=

θ∗(α); θ∗(1− α)

, (3.33)

that means, it is the interval between the 100αth percentage point
and the 100(1 − α)th percentage point of the empirical distribution ofθ∗b

B
b=1

. Because of finite B, “simulation noise” is introduced in esti-
mating percentile based CIs. B = 1999 sufficiently reduces this effect,
see the introduction to this section. One takes this value instead of 2000
because then commonly used percentage points can be evaluated with-
out interpolation (e.g., 95th percentage point = 0.95 · (1999 + 1)th =
1900th largest replication value).

3.4.4 BCa confidence interval
The bootstrap bias-corrected and accelerated (BCa) confidence inter-

val is
CIθ,1−2α

=
θ∗(α1); θ∗(α2)


, (3.34)

where

α1 = F


z0 + z0 + z(α)

1− a [z0 + z(α)]


(3.35)

and

α2 = F


z0 + z0 + z(1− α)

1− a [z0 + z(1− α)]


. (3.36)
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AppendixPart 2:  Time Series Analysis
Bootstrap confidence intervals

{t(i), x(i)}i=1        θ n ^ Sample,
estimate

{t*1(i), x*1(i)}i=1
n {t*2(i), x*2(i)}i=1

n {t*B(i), x*B(i)}i=1
n Resamples

Confidence
interval

θ*1 ^   Replicationsθ*2 ^   θ*B ^   

CIθ,1–2α^

Book, Fig. 3.3
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AppendixPart 2:  Time Series Analysis
Bootstrap confidence intervals

Percentile confidence interval

α small ⇒ B large
 typically
 α = 0.025 (95% CI) or α = 0.05 (90% CI), B ≈ 2000

88 3 Bootstrap Confidence Intervals

3.4.2 Student’s t confidence interval
The bootstrap Student’s t confidence interval is

CIθ,1−2α
=

θ + tν(α) · seθ∗ ; θ − tν(α) · seθ∗

, (3.32)

where tν(α) is the percentage point of the t distribution function with
ν degrees of freedom (Section 3.9). It is in practice presumably always
more accurate to prefer, as this book does, Student’s t CIs over normal
CIs because they recognize the reduction of degrees of freedom. (For
data sizes above, say, 30, the difference becomes negligible.)

3.4.3 Percentile confidence interval
The bootstrap percentile confidence interval is

CIθ,1−2α
=

θ∗(α); θ∗(1− α)

, (3.33)

that means, it is the interval between the 100αth percentage point
and the 100(1 − α)th percentage point of the empirical distribution ofθ∗b

B
b=1

. Because of finite B, “simulation noise” is introduced in esti-
mating percentile based CIs. B = 1999 sufficiently reduces this effect,
see the introduction to this section. One takes this value instead of 2000
because then commonly used percentage points can be evaluated with-
out interpolation (e.g., 95th percentage point = 0.95 · (1999 + 1)th =
1900th largest replication value).

3.4.4 BCa confidence interval
The bootstrap bias-corrected and accelerated (BCa) confidence inter-

val is
CIθ,1−2α

=
θ∗(α1); θ∗(α2)


, (3.34)

where

α1 = F


z0 + z0 + z(α)

1− a [z0 + z(α)]


(3.35)

and

α2 = F


z0 + z0 + z(1− α)

1− a [z0 + z(1− α)]


. (3.36)
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AppendixPart 2:  Time Series Analysis
Bootstrap confidence intervals
Part 2:  Time Series Analysis

Percentile confidence interval

Assume that our estimator underestimates, E[θ] < θ.
 Then likely also the bootstrap replications
 are “shifted”.

There is an option for bias correction.

88 3 Bootstrap Confidence Intervals

3.4.2 Student’s t confidence interval
The bootstrap Student’s t confidence interval is
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that means, it is the interval between the 100αth percentage point
and the 100(1 − α)th percentage point of the empirical distribution ofθ∗b

B
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. Because of finite B, “simulation noise” is introduced in esti-
mating percentile based CIs. B = 1999 sufficiently reduces this effect,
see the introduction to this section. One takes this value instead of 2000
because then commonly used percentage points can be evaluated with-
out interpolation (e.g., 95th percentage point = 0.95 · (1999 + 1)th =
1900th largest replication value).

3.4.4 BCa confidence interval
The bootstrap bias-corrected and accelerated (BCa) confidence inter-

val is
CIθ,1−2α

=
θ∗(α1); θ∗(α2)


, (3.34)

where

α1 = F


z0 + z0 + z(α)

1− a [z0 + z(α)]
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AppendixPart 2:  Time Series Analysis
Bootstrap confidence intervals

Construction of equi-tailed percentile CIs

1 θ, {θ*b}b = 1
B^^

θ θ̂

       5%      90%        5%2 Percentile CI
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AppendixPart 2:  Time Series Analysis
Bootstrap confidence intervals

Construction of equi-tailed percentile CIs

1 θ, {θ*b}b = 1
B^^

θ θ̂

       5%      90%        5%2 Percentile CI

3 θ, med{θ*b}b = 1
^ ^

4 Bias correction

med
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AppendixPart 2:  Time Series Analysis
Bootstrap confidence intervals

Bias-corrected and accelerated (BCa) confidence interval

Bias correction

88 3 Bootstrap Confidence Intervals

3.4.2 Student’s t confidence interval
The bootstrap Student’s t confidence interval is

CIθ,1−2α
=

θ + tν(α) · seθ∗ ; θ − tν(α) · seθ∗

, (3.32)

where tν(α) is the percentage point of the t distribution function with
ν degrees of freedom (Section 3.9). It is in practice presumably always
more accurate to prefer, as this book does, Student’s t CIs over normal
CIs because they recognize the reduction of degrees of freedom. (For
data sizes above, say, 30, the difference becomes negligible.)

3.4.3 Percentile confidence interval
The bootstrap percentile confidence interval is

CIθ,1−2α
=

θ∗(α); θ∗(1− α)

, (3.33)

that means, it is the interval between the 100αth percentage point
and the 100(1 − α)th percentage point of the empirical distribution ofθ∗b

B
b=1

. Because of finite B, “simulation noise” is introduced in esti-
mating percentile based CIs. B = 1999 sufficiently reduces this effect,
see the introduction to this section. One takes this value instead of 2000
because then commonly used percentage points can be evaluated with-
out interpolation (e.g., 95th percentage point = 0.95 · (1999 + 1)th =
1900th largest replication value).

3.4.4 BCa confidence interval
The bootstrap bias-corrected and accelerated (BCa) confidence inter-

val is
CIθ,1−2α

=
θ∗(α1); θ∗(α2)


, (3.34)

where

α1 = F


z0 + z0 + z(α)

1− a [z0 + z(α)]


(3.35)

and

α2 = F


z0 + z0 + z(1− α)

1− a [z0 + z(1− α)]


. (3.36)
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where
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and
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3.5 Examples 89

F (·) is the standard normal distribution function (Eq. 3.49). z0, the bias
correction, is computed as

z0 = F−1


#

θ∗b < θ


B


 , (3.37)

where #{θ∗b < θ} means the number of replications where θ∗b < θ and
F−1(·) is the inverse function of F (·). The acceleration, a, is computed
(Efron and Tibshirani 1993) as

a =

n
j=1

θ(j)


− θ(j)

3

6
n

j=1

θ(j)


− θ(j)

2
3/2

, (3.38)

where θ(j) is the jackknife value of θ. Consider the original sample with
the jth point removed, that is, {t(i), x(i)} , i = 1, . . . , n, i = j. The
jackknife value is then the value of θ calculated using this sample of
reduced size. The average,

θ(j)


, is given by

n
j=1

θ(j)


n.

z0 corrects for the median estimation bias; for example, if just half of
the replications have θ∗b < θ, then z0 = 0. The acceleration, a, takes
into account scale effects, which arise when the standard error of θ itself
depends on the true parameter value, θ.

3.5 Examples
In the first, theoretical example, we compare classical and bootstrap

CIs in terms of coverage accuracy (Table 3.5). The mean of AR(1) pro-
cesses with uneven spacing was estimated for two distributional shapes,
normal and lognormal. The classical CI employed the effective data size
for mean estimation, the bootstrap CI used the ARB algorithm and the
BCa method.

The classical CI performed better for the normal than for the lognor-
mal shape. This is because the normal assumption made at CI construc-
tion is violated in the case of the lognormal shape. With increasing data
size, the lognormal approaches the normal distribution (Johnson et al.
1994: Chapter 14 therein) and the difference in performance decreases.
However, this difference is still significant for n = 1000 in the example.

Also the bootstrap CI performed better for the normal than for the
lognormal shape. This may be because persistence time estimation (τ)
and persistence time bias correction (τ ) is less accurate for non-normally
distributed data.

Book, Eqs. (3.35), (3.36), (3.37),(3.38), Section 3.9    â, acceleration; 〈〉, average;
F–1, inverse normal distribution function; e.g., F–1(0.5) = 0  θ(j), jackknife value (leave one point, j, out)
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the jth point removed, that is, {t(i), x(i)} , i = 1, . . . , n, i = j. The
jackknife value is then the value of θ calculated using this sample of
reduced size. The average,

θ(j)


, is given by

n
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z0 corrects for the median estimation bias; for example, if just half of
the replications have θ∗b < θ, then z0 = 0. The acceleration, a, takes
into account scale effects, which arise when the standard error of θ itself
depends on the true parameter value, θ.

3.5 Examples
In the first, theoretical example, we compare classical and bootstrap

CIs in terms of coverage accuracy (Table 3.5). The mean of AR(1) pro-
cesses with uneven spacing was estimated for two distributional shapes,
normal and lognormal. The classical CI employed the effective data size
for mean estimation, the bootstrap CI used the ARB algorithm and the
BCa method.

The classical CI performed better for the normal than for the lognor-
mal shape. This is because the normal assumption made at CI construc-
tion is violated in the case of the lognormal shape. With increasing data
size, the lognormal approaches the normal distribution (Johnson et al.
1994: Chapter 14 therein) and the difference in performance decreases.
However, this difference is still significant for n = 1000 in the example.

Also the bootstrap CI performed better for the normal than for the
lognormal shape. This may be because persistence time estimation (τ)
and persistence time bias correction (τ ) is less accurate for non-normally
distributed data.
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Bootstrap confidence intervals

 

Standard normal probability     Standard normal probability
density function (PDF)       distribution function

106 3 Bootstrap Confidence Intervals

The relation between making a test statistic pivotal and bootstrap CI
calibration is described by Beran (1987, 1988). Guidelines for bootstrap
hypothesis testing are provided by Hall and Wilson (1991). An extension
of MBB hypothesis testing of the mean from univariate to multivariate
time series has been presented by Wilks (1997). The dimensionality
may be rather high, and the method may therefore be applicable to
time-dependent climate fields such as gridded temperature output from
a mathematical climate model. Beersma and Buishand (1999) compare
variances of bivariate time series using jackknife resampling. They find
significantly higher variability of future northern European precipitation
amounts in the computer simulation with elevated greenhouse gas con-
centrations than in the simulation without (control run). Huybers and
Wunsch (2005) test the hypothesis that Earth’s obliquity variations in-
fluence glacial terminations during the late Pleistocene using parametric
resampling of the timescale (Section 4.1.7).

Multiple hypothesis tests may be performed when analysing a hy-
pothesis that consists of several sub-hypotheses. This situation arises in
spectrum estimation (Chapter 5), where a range of frequencies is exam-
ined. The traditional method is adjusting the P -values of the individual
tests to yield the desired overall P -value. A recent paper (Storey 2007:
p. 347 therein) states “that one can improve the overall performance of
multiple significance tests by borrowing information across all the tests
when assessing the relative significance of each one, rather than calcu-
lating P -values for each test individually.”

The anthropogenic warming signal has stimulated much work
applying various types of hypothesis tests using measured and AOGCM
temperature data. More details on the fingerprint approach are con-
tained in the following papers: Hasselmann (1997), Hegerl and North
(1997) and Hegerl et al. (1997). Correlation approaches to detect the
anthropogenic warming signal are described by Folland et al. (1998) and
Wigley et al. (2000). A recent overview is given by Barnett et al. (2005).

3.9 Technical issues
The standard normal (Gaussian) distribution has following PDF:

f(x) = (2π)−1/2 exp
�
−x2/2


. (3.48)

Figure 3.1 shows the distributional shape. The distribution function,

F (x) =

x

−∞

f(x)dx, (3.49)
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Book, Eqs. (3.48), (3.49)
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Appendix

Book, Algorithm 7.1

292 7 Correlation

Step 1 Bivariate time series {t(i), x(i), y(i)}ni=1

Step 2 Pearson’s rXY (Eq. 7.5)

Step 3 Fisher’s z-transformation z = tanh−1 (rXY )

Step 4 Estimated, bias-corrected

persistence time, process X(i), τ X
using mean-detrended

time series, {x(i)− x̄}ni=1

Step 5 Analogously, process Y (i) τ Y
Step 6 Estimated, bias-corrected

equivalent autocorrelation

coefficient, process X(i) ̄aX = exp
�
−d̄/τ X



Step 7 Analogously, process Y (i) ̄aY = exp
�
−d̄/τ Y



Step 8 Effective data size, nρ

obtained by plugging in

̄aX for aX and ̄aY for aY

in Eq. (2.38)

Step 9 Approximate, classical

normal CI for rXY , CIrXY ,1−2α =

obtained from


tanh


z + z(α) ·

�
nρ − 3

−1/2

;

re-transforming z tanh

z − z(α) ·

�
nρ − 3

−1/2


Algorithm 7.1. Construction of classical confidence intervals for Pearson’s correla-
tion coefficient, bivariate AR(1) model. Steps 3 and 9: z is Fisher’s transformed
correlation, z(α) is the percentage point of the normal distribution.

these processes are persistence-free white noise, we approach the reality
for the majority of processes occurring in the climate system. A classical
CI for rXY , which is approximate, is obtained readily by invoking the
effective data size (Chapter 2). The complete procedure is given (Al-

Part 3:  Examples
Correlation estimation, Agulhas current, Pleistocene
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Appendix

Book, Algorithm 7.1 (continued)

292 7 Correlation

Step 1 Bivariate time series {t(i), x(i), y(i)}ni=1

Step 2 Pearson’s rXY (Eq. 7.5)

Step 3 Fisher’s z-transformation z = tanh−1 (rXY )

Step 4 Estimated, bias-corrected

persistence time, process X(i), τ X
using mean-detrended

time series, {x(i)− x̄}ni=1

Step 5 Analogously, process Y (i) τ Y
Step 6 Estimated, bias-corrected

equivalent autocorrelation

coefficient, process X(i) ̄aX = exp
�
−d̄/τ X



Step 7 Analogously, process Y (i) ̄aY = exp
�
−d̄/τ Y



Step 8 Effective data size, nρ

obtained by plugging in

̄aX for aX and ̄aY for aY

in Eq. (2.38)

Step 9 Approximate, classical

normal CI for rXY , CIrXY ,1−2α =

obtained from


tanh


z + z(α) ·

�
nρ − 3

−1/2

;

re-transforming z tanh

z − z(α) ·

�
nρ − 3

−1/2


Algorithm 7.1. Construction of classical confidence intervals for Pearson’s correla-
tion coefficient, bivariate AR(1) model. Steps 3 and 9: z is Fisher’s transformed
correlation, z(α) is the percentage point of the normal distribution.

these processes are persistence-free white noise, we approach the reality
for the majority of processes occurring in the climate system. A classical
CI for rXY , which is approximate, is obtained readily by invoking the
effective data size (Chapter 2). The complete procedure is given (Al-

2.6 Background material 55

walk process (p. 60). The standard formulation in Eq. (2.33) describes
an “asymptotically stationary” process, whereas Eq. (2.1) describes a
strictly stationary process. In practical applications such as random
number generation (Section 2.7), the standard model (Eq. 2.33) can be
used if the transient sequence of numbers (say, the first 5000) is dis-
carded.

The covariance between two random variables, X and Y , is

COV [X, Y ] = E
�

X − E [X]

·
�
Y − E [Y ]


. (2.34)

A special case is COV [X, X] = VAR [X].
The effective data size is reduced for a persistent process. This is

shown (Fig. 2.10a) for the case of mean estimation of an AR(1) process,
where even for moderate values (n  50 and a  0.5), nµ is considerably
smaller than n. The data size reduction is quantified by Eq. (2.7). A
simplified version based on the decorrelation time (Eq. 2.8) underesti-
mates nµ by less than 5% for n  50 and a  0.5, as shown by Fig.
2.10b. Even for moderate values of n ( 50) and a ( 0.5), the influence
of persistence on nµ can be considerable. Eq. (2.3) is valid only for the
mean estimator. The effective data size for variance estimation of an
AR(1) process,

nσ2 = n


1 + 2

n−1
i=1

(1− i/n) ρ(i)2
−1

(2.35)

(Bayley and Hammersley 1946), is given by

nσ2 = n


1 +

2
n

1
1− a2


a2


n− 1

1− a2


− a2n


1− 1

1− a2

−1

.

(2.36)
Likewise, the effective data size for correlation estimation between two
processes X(i) and Y (i) with autocorrelation functions ρX(i) and ρY (i),

nρ = n


1 + 2

n−1
i=1

(1− i/n) ρX(i) ρY (i)

−1

(2.37)

(von Storch and Zwiers 1999), is in the case of two AR(1) processes with
persistence parameters aX and aY given by

nρ = n


1 +

2
n

1
1− aXaY


aXaY


n− 1

1− aXaY



−(aXaY )n

1− 1

1− aXaY

−1

. (2.38)

Part 3:  Examples
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Appendix

Book, Algorithm 7.2

294 7 Correlation

Step 1 Bivariate time series {t(i), x(i), y(i)}ni=1

Step 2 Pearson’s rXY (Eq. 7.5)

Step 3 Fisher’s z-transformation z = tanh−1 (rXY )

Step 4 Estimated, bias-corrected

persistence time, process X(i), τ X
using mean-detrended

time series, {x(i)− x̄}ni=1

Step 5 Analogously, process Y (i) τ Y
Step 6 Select block length l

Step 7 Apply MBB with l

x∗b(i)

n
i=1

=

x(f(i))

n
i=1

(Algorithm 3.1) to x values (b, counter)

Step 8 Overtake bootstrap index f(i)

for resampled y values

y∗b(i)

n
i=1

=

y(f(i))

n
i=1

Step 9 Resample

x∗b(i), y∗b(i)

n
i=1

Step 10 Bootstrap replications,

Pearson’s rXY and Fisher’s z r∗bXY , z∗b = tanh−1
�
r∗bXY



Step 11 Go to Step 7 until b = B

(usually B = 2000)

replications exist

z∗b

B
b=1

Step 12 Calculate CI (Section 3.4)

for Fisher’s z CIz,1−2α =

zl; zu



Step 13 Re-transform lower and upper

endpoints to obtain

pairwise-MBB CI for rXY CIrXY ,1−2α =

tanh (zl) ; tanh (zu)



Algorithm 7.2. Construction of bootstrap confidence intervals for Pearson’s cor-
relation coefficient, pairwise-MBB resampling. Step 8: By overtaking the random
bootstrap index f(i) ∈ {1, . . . , n} from x-resampling for y-resampling, (x(j), y(j))
pairs are resampled.
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Appendix

Book, Algorithm 7.2 (continued)

294 7 Correlation

Step 1 Bivariate time series {t(i), x(i), y(i)}ni=1

Step 2 Pearson’s rXY (Eq. 7.5)

Step 3 Fisher’s z-transformation z = tanh−1 (rXY )

Step 4 Estimated, bias-corrected

persistence time, process X(i), τ X
using mean-detrended

time series, {x(i)− x̄}ni=1

Step 5 Analogously, process Y (i) τ Y
Step 6 Select block length l

Step 7 Apply MBB with l

x∗b(i)

n
i=1

=

x(f(i))

n
i=1

(Algorithm 3.1) to x values (b, counter)

Step 8 Overtake bootstrap index f(i)

for resampled y values

y∗b(i)

n
i=1

=

y(f(i))

n
i=1

Step 9 Resample

x∗b(i), y∗b(i)

n
i=1

Step 10 Bootstrap replications,

Pearson’s rXY and Fisher’s z r∗bXY , z∗b = tanh−1
�
r∗bXY



Step 11 Go to Step 7 until b = B

(usually B = 2000)

replications exist

z∗b

B
b=1

Step 12 Calculate CI (Section 3.4)

for Fisher’s z CIz,1−2α =

zl; zu



Step 13 Re-transform lower and upper

endpoints to obtain

pairwise-MBB CI for rXY CIrXY ,1−2α =

tanh (zl) ; tanh (zu)



Algorithm 7.2. Construction of bootstrap confidence intervals for Pearson’s cor-
relation coefficient, pairwise-MBB resampling. Step 8: By overtaking the random
bootstrap index f(i) ∈ {1, . . . , n} from x-resampling for y-resampling, (x(j), y(j))
pairs are resampled.
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Appendix

         

5 Select λ such that
estimate    is in (1 – 2α) × B cases in       θ̂

6 Set confidence level
to (1 – 2λ )  

5  λ = .04       λ = .04

Calibration of equi-tailed bootstrap confidence intervals

θ θ̂
1 θ, {θ*b}b = 1

B^^
     .01  .02       λ        .02 .01

2
l u

[θ*(λ); θ*(λ)]b = 1
^ ^

            .01  .02      λ          .02     .01
3 [θ*(λ); θ*(λ)]b = 2

^
l u

^
     .01    .02      λ       .02 .01

4 [θ*(λ); θ*(λ)]b = B
^
l u

^

Part 3:  Examples
Correlation estimation, Agulhas current, Pleistocene

©
 C

lim
at

e 
R

is
k 

A
n

al
ys

is57



Appendix

Grid of confidence levels

Calibration curve

Book, Eqs. (3.45), (3.47), Section 3.8 (p. 105)

3.8 Background material 105

tion of BCa intervals. Götze and Künsch (1996) show the second-order
correctness of BCa CIs for various estimators and the MBB for serially
dependent processes. Hall (1988) determined theoretical coverage ac-
curacies of various bootstrap CI types for estimators that are smooth
functions of the data. Bootstrap-t CIs are formed using the standard
error, se∗θ, of a single bootstrap replication (Efron and Tibshirani 1993).
For simple estimators like µ = X̄, plug-in estimates can be used instead
of se∗θ. However, for more complex estimators, no plug-in estimates are
at hand. A second bootstrap loop (bootstrapping from bootstrap sam-
ples) had to be invoked, which would increase computing costs.

Bootstrap calibration can strongly increase CI coverage accuracy.
Consider that a single CI point is sought, say, the lower bound, θl, for
an estimate, θ. Let the bound be calculated for each bootstrap sample,
b = 1, . . . , B, and over a grid of confidence levels, for example,

θ∗bl (λ), λ = 0.01, . . . , 0.99. (3.45)

For each λ, compute

p(λ) =
#

θ ≤ θ∗bl (λ)


B
. (3.46)

Finally, solve p(λ) = α for λ. In case a two-sided, equi-tailed CI is
sought, the calibration curve p(λ) = 1− 2α, where

p(λ) =
#

θ∗bl (λ) < θ < θ∗bu (λ)


B
, (3.47)

is solved for λ. To calculate the CI points for a bootstrap sample requires
to perform a second bootstrap–estimation loop. Analysing second-loop
bootstrap methods like calibration or bootstrap-t interval construction
may require enormous computing costs. Relevant papers on calibrated
bootstrap CIs include Hall (1986), Loh (1987, 1991), Hall and Martin
(1988), Martin (1990) and Booth and Hall (1994). Regarding the context
of resampling data from serially dependent processes, Choi and Hall
(2000) report that the sieve or AR(∞) bootstrap has a significantly
better performance than blocking methods in CI calibration. However,
the sieve bootstrap is not applicable to unevenly spaced time series. This
books presents a Monte Carlo experiment on calibrated bootstrap CIs for
correlation estimation (Chapter 7), with satisfying coverage performance
despite the used MBB resampling.

Bootstrap hypothesis tests are detailed by Davison and Hinkley
(1997: Chapter 4 therein), see also Efron and Tibshirani (1993: Chap-
ter 15 therein) and Lehmann and Romano (2005: Chapter 15 therein).

3.8 Background material 105

tion of BCa intervals. Götze and Künsch (1996) show the second-order
correctness of BCa CIs for various estimators and the MBB for serially
dependent processes. Hall (1988) determined theoretical coverage ac-
curacies of various bootstrap CI types for estimators that are smooth
functions of the data. Bootstrap-t CIs are formed using the standard
error, se∗θ, of a single bootstrap replication (Efron and Tibshirani 1993).
For simple estimators like µ = X̄, plug-in estimates can be used instead
of se∗θ. However, for more complex estimators, no plug-in estimates are
at hand. A second bootstrap loop (bootstrapping from bootstrap sam-
ples) had to be invoked, which would increase computing costs.

Bootstrap calibration can strongly increase CI coverage accuracy.
Consider that a single CI point is sought, say, the lower bound, θl, for
an estimate, θ. Let the bound be calculated for each bootstrap sample,
b = 1, . . . , B, and over a grid of confidence levels, for example,

θ∗bl (λ), λ = 0.01, . . . , 0.99. (3.45)

For each λ, compute

p(λ) =
#

θ ≤ θ∗bl (λ)


B
. (3.46)

Finally, solve p(λ) = α for λ. In case a two-sided, equi-tailed CI is
sought, the calibration curve p(λ) = 1− 2α, where

p(λ) =
#

θ∗bl (λ) < θ < θ∗bu (λ)


B
, (3.47)

is solved for λ. To calculate the CI points for a bootstrap sample requires
to perform a second bootstrap–estimation loop. Analysing second-loop
bootstrap methods like calibration or bootstrap-t interval construction
may require enormous computing costs. Relevant papers on calibrated
bootstrap CIs include Hall (1986), Loh (1987, 1991), Hall and Martin
(1988), Martin (1990) and Booth and Hall (1994). Regarding the context
of resampling data from serially dependent processes, Choi and Hall
(2000) report that the sieve or AR(∞) bootstrap has a significantly
better performance than blocking methods in CI calibration. However,
the sieve bootstrap is not applicable to unevenly spaced time series. This
books presents a Monte Carlo experiment on calibrated bootstrap CIs for
correlation estimation (Chapter 7), with satisfying coverage performance
despite the used MBB resampling.

Bootstrap hypothesis tests are detailed by Davison and Hinkley
(1997: Chapter 4 therein), see also Efron and Tibshirani (1993: Chap-
ter 15 therein) and Lehmann and Romano (2005: Chapter 15 therein).
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Appendix

Time, TX (i )

X(i )

Time, T(k)

X(k)

Time, TY ( j )

Y( j )

Time, T(k)

Y(k)

τ τ ττ τ τ ττ

T(1) T(n)T(2)

Time binning

Y averaging

X averaging

Tmin Tmax

τX

τY

min[TX (1), TY (1)]
= Tmin

max[TX (nX), TY (nY)]
= Tmax

1. If persistence exists, then we can recover correlation information.
2. Binning is better than interpolation.

Book, Fig. 7.3
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