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Climate: knowledge and experience,
   space–time scales

Time series analysis: statistical concept

Computer: implementation of concept

Mathematical formulas: no sweat!

Prologue
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1. Introduction

1.1
1.2 Noise and statistical distribution
1.3 Persistence
1.4
1.5 Aim and structure of this course
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1. Introduction

              Time series sample
              t, time value
              x, climate-variable value
              n, data size (sample size)
              i, index

Climate time series

10 1 Introduction
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Figure 1.3. Ice core data: deuterium and CO2 records from the Vostok station
(Antarctica) over the past 420,000 years. The core was drilled into the ice (diameter:
12 cm, length: 3623 m) and recovered in segments. The deuterium record (a) was
measured on ice material using a mass spectrometer. Values are given in delta nota-
tion: δD = [(D/H)sample/(D/H)SMOW − 1] · 1000, where (D/H) is the number of D
particles over the number of H particles and SMOW is “Standard Mean Ocean Wa-
ter” standard. Total number of points, n, is 3311. The CO2 record (b) was measured
on air bubbles enclosed in the ice. Values are given as “parts per million by volume,”
n is 283. In b, values (dots) are connected by lines; in a, only lines are shown. The
present-day CO2 concentration (∼ 389 ppmv) is not recorded in b. The construction
of the timescale (named GT4) was achieved using a model of the ice accumulation
and flow. Besides glaciological constraints, it further assumed that the points at 110
and 390 ka correspond to dated stages in the marine isotope record. Construction of
the CO2 timescale required additional modelling because in the ice core, air bubbles
are younger in age than ice at the same depth. One climatological question associ-
ated with the data is whether variations in CO2 (the values in air bubbles presenting
the atmospheric value accurately) lead over or lag behind those of deuterium (which
indicate temperature variations, low δD meaning low temperature). (Data from Petit
et al. 1999.)

the geologic past increases the proxy error. Spatially extending the range
for which a variable is thought to be representative is a further source of
error. This is the case, for example, when variations in air temperature
in the inversion height above Antarctic station Vostok are used to repre-
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assumption like others in the business: three-dimensional space, time
arrow and causality, mathematical axioms (Kant 1781; Polanyi 1958;
Kandel 2006). The book also follows the optimistic path of Popper
(1935): small and accurately known ranges of uncertainty about the
climate system enable more precise climate hypotheses to be tested,
leading to enhanced knowledge and scientific progress. Also if one shares
Kuhn’s (1970) view, paradigm shifts in climatology have better success
chances if they are substantiated by more accurate knowledge. It is the
aim of this book to provide methods for obtaining accurate information
from complex time series data.

Climate evolves in time, and a stochastic process (a time-dependent
random variable representing a climate variable with not exactly known
value) and time series (the observed or sampled process) are central to
statistical climate analysis. We shall use a wide definition of trend and
decompose a stochastic process, X, as follows:

X(T ) = Xtrend(T ) + Xout(T ) + S(T ) · Xnoise(T ), (1.1)

where T is continuous time, Xtrend(T ) is the trend process, Xout(T ) is
the outlier process, S(T ) is a variability function scaling Xnoise(T ), the
noise process. The trend is seen to include all systematic or determi-
nistic, long-term processes such as a linear increase, a step change or a
seasonal signal. The trend is described by parameters, for example, the
rate of an increase. Outliers are events with an extremely large absolute
value and are usually rare. The noise process is assumed to be weakly
stationary with zero mean and autocorrelation. Giving Xnoise(T ) stan-
dard deviation unity enables introduction of S(T ) to honour climate’s
definition as not only the mean but also the variability of the state of
the atmosphere and other compartments (Brückner 1890; Hann 1901;
Köppen 1923). A version of Eq. (1.1) is written for discrete time, T (i),
as

X(i) = Xtrend(i) + Xout(i) + S(i) · Xnoise(i), (1.2)

using the abbreviation X(i) ≡ X(T (i)), etc. However, for unevenly
spaced T (i) this is a problematic step because of a possibly non-unique
relation between Xnoise(T ) and Xnoise(i), see Section 2.1.2.1. The ob-
served, discrete time series from process X(i) is the set of size n of paired
values t(i) and x(i), compactly written as {t(i), x(i)}n

i=1. To restate, the
aim of this book is to provide methods for obtaining quantitative esti-
mates of parameters of Xtrend(T ), Xout(T ), S(T ) and Xnoise(T ) using
the observed time series data {t(i), x(i)}n

i=1.
A problem in climate analysis is that the observation process super-

imposes on the climatic process. Xnoise(T ) may show not only climatic
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1. Introduction

Climate equation, continuous time
T, time
X, climate variable observed
Xtrend, trend component
Xout, outlier component
Xnoise, noise component
S, variability
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1. Introduction

Climate equation, discrete time
T(i), time points
X(i) ≡ X(T(i)), etc.
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1. Introduction

Stochastic process X(i)         “Process level”

Time series            “Sample level”

Time series analysis uses sample to learn about process:
trend parameters, probability of extremes, cycles, etc.

Univariate: T(i), X(i)
Bivariate:  T(i), X(i), Y(i)
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1. Introduction
1.2 Noise and statistical distribution

Probability density function (PDF), f(x)

Gaussian or normal PDF

6 1 Introduction

Table 1.1. Main types of climate archives, covered time ranges and absolute dating
methods.

Dark shading means “frequently used,” light shading means “occasionally used.” Pl.,
Pliocene; b.p., “before the present.” Background material (Section 1.6) gives details and
references on geological epochs (also before Pliocene), archives and dating.

1.10, where some of the time series analysed in this book are presented,
and in the background material (Section 1.6).

1.2 Noise and statistical distribution
The noise, Xnoise(T ), has been written in Eq. (1.1) as a zero-mean and

unit-standard deviation process, leaving freedom as regards its other sec-
ond and higher-order statistical moments, which define its distributional
shape and also its spectral and persistence properties (next section). The
probability density function (PDF), f(x), defines

prob (a ≤ Xnoise(T ) ≤ a + δ)|δ→0 =

a+δ

a

f(x)dx, (1.3)

putting our incomplete knowledge in quantitative form.
For analysing, by means of explorative tools, the shape of f(x) using

time series data {t(i), x(i)}n
i=1, it is important to estimate and remove

the trend from the data. An unremoved trend would deliver a false,
broadened picture of f(x). Trend removal has been done for constructing
Fig. 1.11, which shows histograms as estimates of the distributions of
Xnoise(T ) for various climate time series. The estimation of trends is

f (x)

xa    a+�

Book, Eq. (3.48)
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1. Introduction
1.2 Noise and statistical distribution

                Histogram:
                inference of PDF

                Residuals,
                “detrended
                version” of the x(i)

Book, Fig. 1.11 (b, Vostok CO2; c, Vostok δD)
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Figure 1.11. Statistical noise distributions of selected climate time series. a ODP
846 δ18O; b Vostok CO2; c Vostok δD; d NGRIP SO4; e NGRIP Ca; f NGRIP
dust content; g NGRIP electrical conductivity; h NGRIP Na; i tree-ring ∆14C; j Q5
δ18O; k Lower Mystic Lake varve thickness; l HadCM3 runoff. The distributions are
estimated with histograms. Data and units are given in Figs. 1.2, 1.3, 1.4, 1.5, 1.6,
1.7, 1.8 and 1.9. In a and e–h, the trend component was estimated (and removed
prior to histogram calculation) using a ramp regression model (Figs. 4.6 and 4.7); in
b and c using a harmonic filter (Section 5.2.4.3); in d and k using the running median
(Figs. 4.16 and 4.17); in i using nonparametric regression (Fig. 4.14); in j using a
combination of a ramp model in the early and a sinusoidal in the late part (Fig. 4.18);
and in l using the break regression model (Fig. 4.12). Outliers are tentatively marked
with open circles (note broken axes in d, k). In c, the modes of the suspected bimodal
distribution are marked with arrows. In a, e–h and j, time-dependent variability,
S(T ), was estimated using a ramp regression model (Chapter 4); in d and k using
the running MAD (Figs. 4.16 and 4.17); and in l using a linear model. Normalizing
(dividing by S(T )) for those time series was carried out prior to histogram calculation.
The other time series assume constant S(T ), values are given in Table 1.3.
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1. Introduction
1.3 Persistence

Autocovariance

E, expectation operator (averaging)
E[Xnoise(T)] = 0 (zero mean)

Positive autocovariance: persistence or “memory”

1.3 Persistence 11
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Figure 1.4. Ice core data: sulfate record from the NGRIP core (Greenland) over the
interval from ∼ 10 to ∼ 110 ka. The sulfate content was determined by continuously
melting the ice core along its axis and measuring SO4 of the melt water by means of a
photometer (continuous flow analysis, CFA; see Röthlisberger et al. (2000) and Bigler
et al. (2002)); ppbw, parts per billion by weight. Meltspeed and signal dispersion
limit the length resolution to ∼ 1 cm over the measured record length (1530 m). In
the young part of the record (t ≤ 105 ka), the NGRIP timescale was obtained by
tuning to the ss09sea timescale of the Greenland GRIP ice core (Johnsen et al. 2001)
using the records of ice isotopes (North Greenland Ice Core Project members 2004),
electrical conductivity and dielectric properties. In the old part, the NGRIP timescale
was obtained by tuning to the GT4 timescale of the Vostok ice core (Fig. 1.3) using
the records of δ18O and methane concentration. (An absolutely dated alternative to
the GRIP ss09sea timescale was published by Shackleton et al. (2004).) The sulfate
record was finally averaged to 1-year resolution. Using the Ca and Na records, proxies
for mineral dust and seasalt content, respectively, it is possible to remove peaks in
the sulfate record from dust and salt input—the remaining peaks in the “excess” SO4

record, shown here, likely reflect the input from volcanic eruptions via the atmosphere.
The record therefore bears the possibility to reconstruct volcanic activity throughout
the last glacial period. (Data from Bigler M 2004, personal communication.)

sent those of the total southern hemisphere. However, such uncertainties
are often unavoidable when general statements about the climate system
are sought. All individual noise influences on a climate variable (natural
variability, proxy and measurement noise) seem to produce a process
Xnoise(T ) with a PDF that is better described by a product than a sum
of individual PDFs and that likely has a right-skewed shape, such as the
lognormal distribution (Aitchison and Brown 1957).

1.3 Persistence
The other property of Xnoise(T ) besides distributional shape regards

serial dependence. The autocovariance, E [Xnoise(T1) · Xnoise(T2)] for

1.3 Persistence 13
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Figure 1.6. Tree-ring data: record of atmospheric radiocarbon content over the past
12,410 years. The tree-ring radiocarbon equilibrates with atmospheric radiocarbon
via the photosynthetic cycle. The 14C radioactivity was measured by counting the
β particles on CO2 produced by combusting the wood material. Original sampling
resolution was yearly (individual tree-rings) and lower; data shown are 5-year averages
(n = 2483). The values are presented in delta notation (Fig. 1.3) with the oxalic acid
standard of the National Bureau of Standards, for conventional reasons “∆” is used
instead of “δ.” The timescale (given as years before present (b.p.) where “present”
is, as in “radiocarbon terminology,” the year 1950) is based on a counted tree-ring
chronology, established by matching radiocarbon patterns from individual trees. Since
the age spans of the trees overlap, it is possible to go back in time as far as shown
(and beyond). Since the radiocarbon data act as a proxy for solar activity (high
∆14C means low solar irradiance), it is possible to analyse Sun–climate connections
by studying correlations between ∆14C and climate proxy records. (Data from Reimer
et al. 2004.)

T1 = T2, is here of interest; higher-order moments are neglected. Lag-1
scatterplots (x(i − 1) versus x(i)) of the climate time series, using de-
trended {t(i), x(i)}n

i=1 as realizations of the noise process, explore the
autocovariance structure (Fig. 1.12). It is evident that all examples ex-
hibit a more or less pronounced orientation of the points along the 1:1
line. This indicates positive serial dependence, or “memory,” also called
persistence in the atmospheric sciences. The reason for that memory
effect is twofold. First, it is characteristic for many types of climatic
fluctuations (Wilks 1995). Second, it can be induced by the sampling
of the data. A record sampled at high resolution has often stronger
persistence than when sampled at low resolution (see next section).

The lag-1 scatterplots (Fig. 1.12) reflect also the right-skewed shape
of many of the distributions (more spreading towards right-up) and let
some outliers appear.

Book, p. 11–13
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1. Introduction
1.3 Persistence

                Lag-1 scatterplot
                x(i–1) vs x(i):
                inference about
                persistence

                Residuals,
                “detrended
                version” of the x(i)

Book, Fig. 1.12 (b, Vostok CO2; c, Vostok δD)
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1. Introduction
1.3 Persistence

Residuals:
use sample to determine trend, outliers and variability,
then
subtract trend, remove outliers and divide by variability
(details: Chapters 3 and 4)

4 1 Introduction
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X(T ) = Xtrend(T ) + Xout(T ) + S(T ) · Xnoise(T ), (1.1)

where T is continuous time, Xtrend(T ) is the trend process, Xout(T ) is
the outlier process, S(T ) is a variability function scaling Xnoise(T ), the
noise process. The trend is seen to include all systematic or determi-
nistic, long-term processes such as a linear increase, a step change or a
seasonal signal. The trend is described by parameters, for example, the
rate of an increase. Outliers are events with an extremely large absolute
value and are usually rare. The noise process is assumed to be weakly
stationary with zero mean and autocorrelation. Giving Xnoise(T ) stan-
dard deviation unity enables introduction of S(T ) to honour climate’s
definition as not only the mean but also the variability of the state of
the atmosphere and other compartments (Brückner 1890; Hann 1901;
Köppen 1923). A version of Eq. (1.1) is written for discrete time, T (i),
as

X(i) = Xtrend(i) + Xout(i) + S(i) · Xnoise(i), (1.2)

using the abbreviation X(i) ≡ X(T (i)), etc. However, for unevenly
spaced T (i) this is a problematic step because of a possibly non-unique
relation between Xnoise(T ) and Xnoise(i), see Section 2.1.2.1. The ob-
served, discrete time series from process X(i) is the set of size n of paired
values t(i) and x(i), compactly written as {t(i), x(i)}n

i=1. To restate, the
aim of this book is to provide methods for obtaining quantitative esti-
mates of parameters of Xtrend(T ), Xout(T ), S(T ) and Xnoise(T ) using
the observed time series data {t(i), x(i)}n

i=1.
A problem in climate analysis is that the observation process super-

imposes on the climatic process. Xnoise(T ) may show not only climatic
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1. Introduction
1.5 Aim and structure of this course

Climate equation, stochastic process X(i)

Time series

Time series analysis uses sample to learn about process:
trend parameters, probability of extremes, cycles, etc.

Univariate: T(i), X(i)
Bivariate:  T(i), X(i), Y(i)
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2. Persistence Models

2.1 First-order autoregressive model
2.2
2.3
2.4 Other models
2.5
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2. Persistence Models
2.1 First-order autoregressive model

AR(1) process, even spacing
–1 < a < 1
           Innovation term
            Mean = μ = 0
            Variance = σ2 = 1
            Gaussian shape
            f(x) = (2π)–1/2 σ–1 exp[–(x–μ)2/(2σ2)]

34 2 Persistence Models

2.1.1 Even spacing
In Eq. (1.2) we let the time increase with constant spacing d(i) = d >

0 and write the discrete-time Gaussian AR(1) noise model,

Xnoise(1) = EN(0, 1)(1),

Xnoise(i) = a ·Xnoise(i− 1) + EN(0, 1−a2)(i), i = 2, . . . , n.
(2.1)

Herein, −1 < a < 1 is a constant and EN(µ, σ2)(·) is a Gaussian random
process with mean µ, variance σ2 and no serial dependence, that means,
E


EN(µ, σ2)(i) · EN(µ, σ2)(j)


= 0 for i = j. It readily follows that Xnoise(i)

has zero mean and unity variance, as assumed in our decomposition (Eq.
1.2). Figure 2.1 shows a realization of an AR(1) process.

0 50 100 150 200
i

-3.0

-2.0

-1.0

0.0

1.0

2.0

3.0x(i)

Figure 2.1. Realization of an AR(1) process (Eq. 2.1); n = 200 and a = 0.7.

The autocorrelation function,

ρ(h) =
E


Xnoise(i + h)−E


Xnoise(i + h)


·

Xnoise(i)−E


Xnoise(i)




VAR


Xnoise(i + h)


· VAR


Xnoise(i)

1/2

= E

Xnoise(i + h) ·Xnoise(i)


,

(2.2)

where h is the time lag, E is the expectation operator and VAR is the
variance operator, is given by (Priestley 1981: Section 3.5 therein)

ρ(h) = a|h|, h = 0,±1,±2, . . . . (2.3)

For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).

f (x)

-3.0 -2.0 -1.0 0.0 1.0 2.0 3.0
x
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Figure 2.1. Realization of an AR(1) process (Eq. 2.1); n = 200 and a = 0.7.

The autocorrelation function,

ρ(h) =
E


Xnoise(i + h)−E


Xnoise(i + h)


·

Xnoise(i)−E


Xnoise(i)




VAR


Xnoise(i + h)


· VAR


Xnoise(i)

1/2

= E

Xnoise(i + h) ·Xnoise(i)


,

(2.2)

where h is the time lag, E is the expectation operator and VAR is the
variance operator, is given by (Priestley 1981: Section 3.5 therein)

ρ(h) = a|h|, h = 0,±1,±2, . . . . (2.3)

For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).

106 3 Bootstrap Confidence Intervals

The relation between making a test statistic pivotal and bootstrap CI
calibration is described by Beran (1987, 1988). Guidelines for bootstrap
hypothesis testing are provided by Hall and Wilson (1991). An extension
of MBB hypothesis testing of the mean from univariate to multivariate
time series has been presented by Wilks (1997). The dimensionality
may be rather high, and the method may therefore be applicable to
time-dependent climate fields such as gridded temperature output from
a mathematical climate model. Beersma and Buishand (1999) compare
variances of bivariate time series using jackknife resampling. They find
significantly higher variability of future northern European precipitation
amounts in the computer simulation with elevated greenhouse gas con-
centrations than in the simulation without (control run). Huybers and
Wunsch (2005) test the hypothesis that Earth’s obliquity variations in-
fluence glacial terminations during the late Pleistocene using parametric
resampling of the timescale (Section 4.1.7).

Multiple hypothesis tests may be performed when analysing a hy-
pothesis that consists of several sub-hypotheses. This situation arises in
spectrum estimation (Chapter 5), where a range of frequencies is exam-
ined. The traditional method is adjusting the P -values of the individual
tests to yield the desired overall P -value. A recent paper (Storey 2007:
p. 347 therein) states “that one can improve the overall performance of
multiple significance tests by borrowing information across all the tests
when assessing the relative significance of each one, rather than calcu-
lating P -values for each test individually.”

The anthropogenic warming signal has stimulated much work
applying various types of hypothesis tests using measured and AOGCM
temperature data. More details on the fingerprint approach are con-
tained in the following papers: Hasselmann (1997), Hegerl and North
(1997) and Hegerl et al. (1997). Correlation approaches to detect the
anthropogenic warming signal are described by Folland et al. (1998) and
Wigley et al. (2000). A recent overview is given by Barnett et al. (2005).

3.9 Technical issues
The standard normal (Gaussian) distribution has following PDF:

f(x) = (2π)−1/2 exp
�
−x2/2


. (3.48)

Figure 3.1 shows the distributional shape. The distribution function,

F (x) =

x

−∞

f(x)dx, (3.49)

Book, Eq. (3.48)
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2. Persistence Models
2.1 First-order autoregressive model

AR(1) process, even spacing

Mean: E[Xnoise(i)] = 0 for all i
Variance: VAR[Xnoise(i)] = 1 for all i

Strict stationarity

34 2 Persistence Models

2.1.1 Even spacing
In Eq. (1.2) we let the time increase with constant spacing d(i) = d >

0 and write the discrete-time Gaussian AR(1) noise model,

Xnoise(1) = EN(0, 1)(1),

Xnoise(i) = a ·Xnoise(i− 1) + EN(0, 1−a2)(i), i = 2, . . . , n.
(2.1)

Herein, −1 < a < 1 is a constant and EN(µ, σ2)(·) is a Gaussian random
process with mean µ, variance σ2 and no serial dependence, that means,
E


EN(µ, σ2)(i) · EN(µ, σ2)(j)


= 0 for i = j. It readily follows that Xnoise(i)

has zero mean and unity variance, as assumed in our decomposition (Eq.
1.2). Figure 2.1 shows a realization of an AR(1) process.
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Figure 2.1. Realization of an AR(1) process (Eq. 2.1); n = 200 and a = 0.7.

The autocorrelation function,

ρ(h) =
E


Xnoise(i + h)−E


Xnoise(i + h)


·

Xnoise(i)−E


Xnoise(i)




VAR


Xnoise(i + h)


· VAR


Xnoise(i)

1/2

= E

Xnoise(i + h) ·Xnoise(i)


,

(2.2)

where h is the time lag, E is the expectation operator and VAR is the
variance operator, is given by (Priestley 1981: Section 3.5 therein)

ρ(h) = a|h|, h = 0,±1,±2, . . . . (2.3)

For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).
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2. Persistence Models
2.1 First-order autoregressive model

AR(1) process, even spacing

Autocorrelation (lag h)

34 2 Persistence Models

2.1.1 Even spacing
In Eq. (1.2) we let the time increase with constant spacing d(i) = d >

0 and write the discrete-time Gaussian AR(1) noise model,

Xnoise(1) = EN(0, 1)(1),

Xnoise(i) = a ·Xnoise(i− 1) + EN(0, 1−a2)(i), i = 2, . . . , n.
(2.1)

Herein, −1 < a < 1 is a constant and EN(µ, σ2)(·) is a Gaussian random
process with mean µ, variance σ2 and no serial dependence, that means,
E


EN(µ, σ2)(i) · EN(µ, σ2)(j)


= 0 for i = j. It readily follows that Xnoise(i)

has zero mean and unity variance, as assumed in our decomposition (Eq.
1.2). Figure 2.1 shows a realization of an AR(1) process.

0 50 100 150 200
i

-3.0

-2.0

-1.0

0.0

1.0

2.0

3.0x(i)

Figure 2.1. Realization of an AR(1) process (Eq. 2.1); n = 200 and a = 0.7.

The autocorrelation function,

ρ(h) =
E
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·
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Xnoise(i)




VAR
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· VAR


Xnoise(i)

1/2

= E

Xnoise(i + h) ·Xnoise(i)


,

(2.2)

where h is the time lag, E is the expectation operator and VAR is the
variance operator, is given by (Priestley 1981: Section 3.5 therein)

ρ(h) = a|h|, h = 0,±1,±2, . . . . (2.3)

For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).
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2.1.1 Even spacing
In Eq. (1.2) we let the time increase with constant spacing d(i) = d >

0 and write the discrete-time Gaussian AR(1) noise model,

Xnoise(1) = EN(0, 1)(1),

Xnoise(i) = a ·Xnoise(i− 1) + EN(0, 1−a2)(i), i = 2, . . . , n.
(2.1)

Herein, −1 < a < 1 is a constant and EN(µ, σ2)(·) is a Gaussian random
process with mean µ, variance σ2 and no serial dependence, that means,
E


EN(µ, σ2)(i) · EN(µ, σ2)(j)


= 0 for i = j. It readily follows that Xnoise(i)

has zero mean and unity variance, as assumed in our decomposition (Eq.
1.2). Figure 2.1 shows a realization of an AR(1) process.

0 50 100 150 200
i

-3.0

-2.0

-1.0

0.0

1.0

2.0

3.0x(i)

Figure 2.1. Realization of an AR(1) process (Eq. 2.1); n = 200 and a = 0.7.

The autocorrelation function,

ρ(h) =
E


Xnoise(i + h)−E


Xnoise(i + h)


·

Xnoise(i)−E


Xnoise(i)




VAR


Xnoise(i + h)


· VAR


Xnoise(i)

1/2

= E

Xnoise(i + h) ·Xnoise(i)


,

(2.2)

where h is the time lag, E is the expectation operator and VAR is the
variance operator, is given by (Priestley 1981: Section 3.5 therein)

ρ(h) = a|h|, h = 0,±1,±2, . . . . (2.3)

For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).

Book, Eqs. (2.2), (2.3) 

34 2 Persistence Models

2.1.1 Even spacing
In Eq. (1.2) we let the time increase with constant spacing d(i) = d >

0 and write the discrete-time Gaussian AR(1) noise model,

Xnoise(1) = EN(0, 1)(1),

Xnoise(i) = a ·Xnoise(i− 1) + EN(0, 1−a2)(i), i = 2, . . . , n.
(2.1)

Herein, −1 < a < 1 is a constant and EN(µ, σ2)(·) is a Gaussian random
process with mean µ, variance σ2 and no serial dependence, that means,
E


EN(µ, σ2)(i) · EN(µ, σ2)(j)


= 0 for i = j. It readily follows that Xnoise(i)

has zero mean and unity variance, as assumed in our decomposition (Eq.
1.2). Figure 2.1 shows a realization of an AR(1) process.
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Figure 2.1. Realization of an AR(1) process (Eq. 2.1); n = 200 and a = 0.7.

The autocorrelation function,

ρ(h) =
E


Xnoise(i + h)−E


Xnoise(i + h)


·

Xnoise(i)−E


Xnoise(i)




VAR


Xnoise(i + h)


· VAR


Xnoise(i)

1/2

= E

Xnoise(i + h) ·Xnoise(i)


,

(2.2)

where h is the time lag, E is the expectation operator and VAR is the
variance operator, is given by (Priestley 1981: Section 3.5 therein)

ρ(h) = a|h|, h = 0,±1,±2, . . . . (2.3)

For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).
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2. Persistence Models
2.1 First-order autoregressive model

AR(1) process, even spacing
a > 0: persistence or “memory”

34 2 Persistence Models

2.1.1 Even spacing
In Eq. (1.2) we let the time increase with constant spacing d(i) = d >

0 and write the discrete-time Gaussian AR(1) noise model,

Xnoise(1) = EN(0, 1)(1),

Xnoise(i) = a ·Xnoise(i− 1) + EN(0, 1−a2)(i), i = 2, . . . , n.
(2.1)

Herein, −1 < a < 1 is a constant and EN(µ, σ2)(·) is a Gaussian random
process with mean µ, variance σ2 and no serial dependence, that means,
E


EN(µ, σ2)(i) · EN(µ, σ2)(j)


= 0 for i = j. It readily follows that Xnoise(i)

has zero mean and unity variance, as assumed in our decomposition (Eq.
1.2). Figure 2.1 shows a realization of an AR(1) process.
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Figure 2.1. Realization of an AR(1) process (Eq. 2.1); n = 200 and a = 0.7.
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E
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where h is the time lag, E is the expectation operator and VAR is the
variance operator, is given by (Priestley 1981: Section 3.5 therein)

ρ(h) = a|h|, h = 0,±1,±2, . . . . (2.3)

For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).
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Figure 2.1. Realization of an AR(1) process (Eq. 2.1); n = 200 and a = 0.7.
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where h is the time lag, E is the expectation operator and VAR is the
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For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).

2.1 First-order autoregressive model 35
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Figure 2.2. Autocorrelation function of the AR(1) process, a > 0. In the case of even
spacing (Section 2.1.1) ρ(h) is given by a|h| = exp [−|h| · d/τ ], in the case of uneven
spacing (Section 2.1.2) by exp [−|T (i + h)− T (i)|/τ ]. In both cases, the decrease is
exponential with decay constant τ .

Note that the assumptions in Eq. (1.2), namely E [Xnoise(i)] = 0 and
VAR [Xnoise(i)] = 1, required the formulation of the AR(1) model as
in Eq. (2.1), which is non-standard. See Section 2.6 for the standard
formulation.

Persistence estimation for the AR(1) model means estimation of the
autocorrelation parameter, a. To illustrate autocorrelation estimation,
assume that from the time series data, {x(i)}n

i=1, the outliers have been
removed and the trend and variability properties (Eq. 1.2) determined
and used (as in Fig. 1.11) to extract {xnoise(i)}n

i=1, realizations of the
noise process. An estimator of the autocorrelation parameter, that
means, a recipe how to calculate a from {xnoise(i)}n

i=1, is given by

a =
n

i=2

xnoise(i) · xnoise(i− 1)


n

i=2

xnoise(i)2. (2.4)

(Chapter 3 introduces estimators and the “hat notation.”) Note that
estimator a is biased, that means, if {Xnoise(i)} is an AR(1) process with
parameter a, then E (a) = a. Only approximation formulas exist for the
bias in general autocorrelation estimation. Such formulas can be used
for bias correction. Similarly, also the estimation variance, VAR (a), is
only approximately known. In general, bias and variance decrease with
n. The background material (Section 2.6) gives various bias and variance
formulas, informs about bias correction and lists other autocorrelation
estimators.
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2. Persistence Models
2.1 First-order autoregressive model

AR(1) process, even spacing

Estimation
Residuals xnoise(i), “detrended version” of the x(i)

34 2 Persistence Models

2.1.1 Even spacing
In Eq. (1.2) we let the time increase with constant spacing d(i) = d >

0 and write the discrete-time Gaussian AR(1) noise model,

Xnoise(1) = EN(0, 1)(1),

Xnoise(i) = a ·Xnoise(i− 1) + EN(0, 1−a2)(i), i = 2, . . . , n.
(2.1)

Herein, −1 < a < 1 is a constant and EN(µ, σ2)(·) is a Gaussian random
process with mean µ, variance σ2 and no serial dependence, that means,
E


EN(µ, σ2)(i) · EN(µ, σ2)(j)


= 0 for i = j. It readily follows that Xnoise(i)

has zero mean and unity variance, as assumed in our decomposition (Eq.
1.2). Figure 2.1 shows a realization of an AR(1) process.
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3.0x(i)

Figure 2.1. Realization of an AR(1) process (Eq. 2.1); n = 200 and a = 0.7.

The autocorrelation function,

ρ(h) =
E


Xnoise(i + h)−E


Xnoise(i + h)


·

Xnoise(i)−E


Xnoise(i)




VAR


Xnoise(i + h)


· VAR


Xnoise(i)

1/2

= E

Xnoise(i + h) ·Xnoise(i)


,

(2.2)

where h is the time lag, E is the expectation operator and VAR is the
variance operator, is given by (Priestley 1981: Section 3.5 therein)

ρ(h) = a|h|, h = 0,±1,±2, . . . . (2.3)

For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).
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Figure 2.2. Autocorrelation function of the AR(1) process, a > 0. In the case of even
spacing (Section 2.1.1) ρ(h) is given by a|h| = exp [−|h| · d/τ ], in the case of uneven
spacing (Section 2.1.2) by exp [−|T (i + h)− T (i)|/τ ]. In both cases, the decrease is
exponential with decay constant τ .

Note that the assumptions in Eq. (1.2), namely E [Xnoise(i)] = 0 and
VAR [Xnoise(i)] = 1, required the formulation of the AR(1) model as
in Eq. (2.1), which is non-standard. See Section 2.6 for the standard
formulation.

Persistence estimation for the AR(1) model means estimation of the
autocorrelation parameter, a. To illustrate autocorrelation estimation,
assume that from the time series data, {x(i)}n

i=1, the outliers have been
removed and the trend and variability properties (Eq. 1.2) determined
and used (as in Fig. 1.11) to extract {xnoise(i)}n

i=1, realizations of the
noise process. An estimator of the autocorrelation parameter, that
means, a recipe how to calculate a from {xnoise(i)}n

i=1, is given by

a =
n

i=2

xnoise(i) · xnoise(i− 1)


n

i=2

xnoise(i)2. (2.4)

(Chapter 3 introduces estimators and the “hat notation.”) Note that
estimator a is biased, that means, if {Xnoise(i)} is an AR(1) process with
parameter a, then E (a) = a. Only approximation formulas exist for the
bias in general autocorrelation estimation. Such formulas can be used
for bias correction. Similarly, also the estimation variance, VAR (a), is
only approximately known. In general, bias and variance decrease with
n. The background material (Section 2.6) gives various bias and variance
formulas, informs about bias correction and lists other autocorrelation
estimators.
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2. Persistence Models
2.1 First-order autoregressive model

AR(1) process, even spacing

White-noise residuals (estimation residuals)
Graphical test of model suitability

34 2 Persistence Models

2.1.1 Even spacing
In Eq. (1.2) we let the time increase with constant spacing d(i) = d >

0 and write the discrete-time Gaussian AR(1) noise model,

Xnoise(1) = EN(0, 1)(1),

Xnoise(i) = a ·Xnoise(i− 1) + EN(0, 1−a2)(i), i = 2, . . . , n.
(2.1)

Herein, −1 < a < 1 is a constant and EN(µ, σ2)(·) is a Gaussian random
process with mean µ, variance σ2 and no serial dependence, that means,
E


EN(µ, σ2)(i) · EN(µ, σ2)(j)


= 0 for i = j. It readily follows that Xnoise(i)

has zero mean and unity variance, as assumed in our decomposition (Eq.
1.2). Figure 2.1 shows a realization of an AR(1) process.
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Figure 2.1. Realization of an AR(1) process (Eq. 2.1); n = 200 and a = 0.7.

The autocorrelation function,

ρ(h) =
E


Xnoise(i + h)−E


Xnoise(i + h)


·

Xnoise(i)−E


Xnoise(i)




VAR


Xnoise(i + h)


· VAR


Xnoise(i)

1/2

= E

Xnoise(i + h) ·Xnoise(i)


,

(2.2)

where h is the time lag, E is the expectation operator and VAR is the
variance operator, is given by (Priestley 1981: Section 3.5 therein)

ρ(h) = a|h|, h = 0,±1,±2, . . . . (2.3)

For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).
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The suitability of the AR(1) model can be assessed using the estima-
tion residuals,

(i) = xnoise(i)− a · xnoise(i− 1), i = 2, . . . , n. (2.5)

As realizations of a standard normal random process, the residuals should
not exhibit patterns in the lag-1 scatterplot (Fig. 1.12).

2.1.1.1 Effective data size
Persistence (a > 0) means a reduced information content of a time

series compared to a situation without positive serial dependence. In a
statistical estimation, more data have then to be available to achieve
a confidence interval (Chapter 3) of same width. An effective data
size, n, can be defined for estimators of parameters of processes with
persistence via the estimation variance. Consider the mean estimator,
X̄ =

n
i=1 X(i)/n, and the AR(1) process Eq. (2.1) for two cases: a > 0

and a = 0. Then

VAR
�
X̄

= VAR[X(i)]


nµ (a > 0)

(the index refers to mean estimation) is set equal to

VAR
�
X̄

= VAR[X(i)] /n (a = 0).

Bayley and Hammersley (1946) show that

nµ = n


1 + 2

n−1
i=1

(1− i/n) ρ(i)

−1

, (2.6)

which can for the AR(1) process with the autocorrelation given in Eq.
(2.3) be readily solved using the geometric series as well as the arithmetic-
geometric series:

nµ = n


1 +

2
n

1
1− a


a


n− 1

1− a


− an


1− 1

1− a

−1

. (2.7)

von Storch and Zwiers (1999: Section 17.1 therein) define a related quan-
tity, the decorrelation time as

τD = lim
n→∞

n

nµ
. (2.8)

An AR(1) process thus has τD = (1 + a)/(1− a).
Even for moderate values of n ( 50) and a ( 0.5), the influence

of persistence on nµ can be considerable (Section 2.6). Eq. (2.7) is
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          Artificial time series (n = 200, a = 0.7)
          â = 0.717

2. Persistence Models
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          Artificial time series (n = 200, a = 0.7)
          â = 0.717

          Theoretically:
                  = 0.693
           Negative bias, underestimation

                   = 0.003
           Estimation variance
           VAR[â]1/2 ≈ 0.055

2. Persistence Models
2.1 First-order autoregressive model

-3 -2 -1 0 1 2 3
x(i ) or ε(i )

-3

-2

-1

0

1

2

3

x(
i –

1)
 o

r ε
(i 

–1
)

Data x(i )
Residuals ε(i )

Data from Book, Fig. 2.1; Book, Eqs. (2.39), (2.42)

56 2 Persistence Models
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Figure 2.10. Effective data size, mean estimation of an AR(1) process. aDependence
of n

µ on n after Eq. (2.7), for various persistence values a (0.2, 0.5, 0.9 and 0.99). b
Comparison of the exact expression (Eq. 2.7) with a simplified version based on the
decorrelation time (Eq. 2.8).

Early papers in climatology on effective data size and the influence of
persistence on estimation variance include Matalas and Langbein (1962),
Leith (1973), Laurmann and Gates (1977), Thiébaux and Zwiers (1984),
Trenberth (1984a,b) and Zwiers and von Storch (1995).

Various approximate bias (and variance) formulas have been pub-
lished for estimators of the autocorrelation parameter a in evenly spaced
AR(1) models (Eqs. 2.1 and 2.33). Marriott and Pope (1954) analysed
a (Eq. 2.4) and gave

E (a)  (1− 2/n) a. (2.39)

White (1961) gave an approximation of higher order in terms of powers
of (1/n):

E (a)  �
1− 2/n + 4/n2 − 2/n3


a +

�
2/n2


a3 +

�
2/n2


a5. (2.40)

2.6 Background material 57

One drawback of these approximations is that they are not accurate for
large a. For a → 1, also a → 1 (Eq. 2.4) and the bias, E (a) − a, ap-
proaches zero. This behaviour is not contained in Eqs. (2.39) or (2.40).
It is, however, contained in the bias formula of Mudelsee (2001a):

E (a)  [1− 2/(n− 1)] a +

2/(n− 1)2

 �
a− a2n−1

 �
1− a2


. (2.41)

Mudelsee (2001a) showed that this approximation is more accurate than
Eq. (2.40) for a  0.88. The estimation variance of a is to a low approx-
imation order (Bartlett 1946)

VAR (a)  �
1− a2


/n (2.42)

and to a higher order (White 1961)

VAR (a)  �
1/n− 1/n2 + 5/n3


−
�
1/n− 9/n2 + 53/n3


a2−

�
12/n3


a4.

(2.43)
Higher-order approximations of the first four moments of a are given by
Shenton and Johnson (1965). From a practical point of view, it is more
realistic to assume that the mean of Xnoise(i) is unknown and has to
be subtracted. In case of the AR(1) process with unknown mean, the
analogue of the estimator in Eq. (2.4) is

a =
n

i=2

[xnoise(i)− x̄noise]·[xnoise(i−1)− x̄noise]


n

i=2

[xnoise(i)− x̄noise]
2 ,

(2.44)
where x̄noise =

n
i=1 xnoise(i)/n is the sample mean. The approximate

expectation of this estimator is (Kendall 1954)

E (a)  a− (1 + 3a) / (n− 1) . (2.45)

Monte Carlo simulations (Fig. 2.11) indicate that this approximation
can be used for bias correction in situations with uneven spacing and
moderate autocorrelation (a less than, say, 0.9). The bias-corrected au-
tocorrelation coefficient, a, is obtained from a by inserting a for a on the
right-hand side and a for E(a) on the left-hand side in one of the equa-
tions describing the bias, say Eq. (2.45), and solving this equation for a.
Approximations for the bias of least-squares and Yule–Walker estima-
tors of AR(p) processes with known/unknown mean have been given for
p ≤ 6 by Shaman and Stine (1988). Sample mean subtraction is a special
case of detrending. It follows that if we obtain {xnoise(i)}n

i=1 from the
data {x(i)}n

i=1 by removing an estimated trend function, {xtrend(i)}n
i=1

(Eq. 1.2), in principle we have to replace x̄noise in Eq. (2.44) by xtrend(i).
For trends more complex than a constant function, bias properties of
such estimators seem, however, to be analytically untractable.
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2. Persistence Models
2.1 First-order autoregressive model

AR(1) process, even spacing

a > 0: persistence,
  fewer independent data points,
  effective data size n’ < n,

  larger estimation variance

34 2 Persistence Models

2.1.1 Even spacing
In Eq. (1.2) we let the time increase with constant spacing d(i) = d >

0 and write the discrete-time Gaussian AR(1) noise model,

Xnoise(1) = EN(0, 1)(1),

Xnoise(i) = a ·Xnoise(i− 1) + EN(0, 1−a2)(i), i = 2, . . . , n.
(2.1)

Herein, −1 < a < 1 is a constant and EN(µ, σ2)(·) is a Gaussian random
process with mean µ, variance σ2 and no serial dependence, that means,
E


EN(µ, σ2)(i) · EN(µ, σ2)(j)


= 0 for i = j. It readily follows that Xnoise(i)

has zero mean and unity variance, as assumed in our decomposition (Eq.
1.2). Figure 2.1 shows a realization of an AR(1) process.
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Figure 2.1. Realization of an AR(1) process (Eq. 2.1); n = 200 and a = 0.7.

The autocorrelation function,

ρ(h) =
E


Xnoise(i + h)−E


Xnoise(i + h)


·

Xnoise(i)−E


Xnoise(i)




VAR


Xnoise(i + h)


· VAR


Xnoise(i)

1/2

= E

Xnoise(i + h) ·Xnoise(i)


,

(2.2)

where h is the time lag, E is the expectation operator and VAR is the
variance operator, is given by (Priestley 1981: Section 3.5 therein)

ρ(h) = a|h|, h = 0,±1,±2, . . . . (2.3)

For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).
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2. Persistence Models
2.1 First-order autoregressive model

Mean estimation

               Effective data size

36 2 Persistence Models

The suitability of the AR(1) model can be assessed using the estima-
tion residuals,

(i) = xnoise(i)− a · xnoise(i− 1), i = 2, . . . , n. (2.5)

As realizations of a standard normal random process, the residuals should
not exhibit patterns in the lag-1 scatterplot (Fig. 1.12).

2.1.1.1 Effective data size
Persistence (a > 0) means a reduced information content of a time

series compared to a situation without positive serial dependence. In a
statistical estimation, more data have then to be available to achieve
a confidence interval (Chapter 3) of same width. An effective data
size, n, can be defined for estimators of parameters of processes with
persistence via the estimation variance. Consider the mean estimator,
X̄ =

n
i=1 X(i)/n, and the AR(1) process Eq. (2.1) for two cases: a > 0

and a = 0. Then

VAR
�
X̄

= VAR[X(i)]


nµ (a > 0)

(the index refers to mean estimation) is set equal to

VAR
�
X̄

= VAR[X(i)] /n (a = 0).

Bayley and Hammersley (1946) show that

nµ = n


1 + 2

n−1
i=1

(1− i/n) ρ(i)

−1

, (2.6)

which can for the AR(1) process with the autocorrelation given in Eq.
(2.3) be readily solved using the geometric series as well as the arithmetic-
geometric series:

nµ = n


1 +

2
n

1
1− a


a


n− 1

1− a


− an


1− 1

1− a

−1

. (2.7)

von Storch and Zwiers (1999: Section 17.1 therein) define a related quan-
tity, the decorrelation time as

τD = lim
n→∞

n

nµ
. (2.8)

An AR(1) process thus has τD = (1 + a)/(1− a).
Even for moderate values of n ( 50) and a ( 0.5), the influence

of persistence on nµ can be considerable (Section 2.6). Eq. (2.7) is

Book, Eqs. (2.6), (2.7), Fig. 2.10a (modified)
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The suitability of the AR(1) model can be assessed using the estima-
tion residuals,

(i) = xnoise(i)− a · xnoise(i− 1), i = 2, . . . , n. (2.5)

As realizations of a standard normal random process, the residuals should
not exhibit patterns in the lag-1 scatterplot (Fig. 1.12).
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Persistence (a > 0) means a reduced information content of a time

series compared to a situation without positive serial dependence. In a
statistical estimation, more data have then to be available to achieve
a confidence interval (Chapter 3) of same width. An effective data
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persistence via the estimation variance. Consider the mean estimator,
X̄ =

n
i=1 X(i)/n, and the AR(1) process Eq. (2.1) for two cases: a > 0

and a = 0. Then
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von Storch and Zwiers (1999: Section 17.1 therein) define a related quan-
tity, the decorrelation time as

τD = lim
n→∞

n

nµ
. (2.8)

An AR(1) process thus has τD = (1 + a)/(1− a).
Even for moderate values of n ( 50) and a ( 0.5), the influence

of persistence on nµ can be considerable (Section 2.6). Eq. (2.7) is
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2. Persistence Models
2.4 Other models

Long memory processes
 Fractional Gaussian noise
 ARFIMA(p, δ, q)

           Long memory
            Hyperbolically decreasing acf
            (for h → ∞)

0 1 2 3 4 5 6 7 8 9 10
Lag, h
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0.5

1
ρ(h) Short memory: AR(1) ~ exp(-h/τ)

(τ = 1.8)

Long memory: ~ h2H–1

(H = 0.2)

Mandelbrot (1983), Beran (1994, 1997, 1998), Doukhan et al. (2003), Robinson (2003); Book, Sections 2.4.1, 2.5.2, 2.5.3
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Gaussian AR(1) process, even spacing

 Gaussian innovation term

Non-Gaussian processes
 Non-Gaussian innovation terms

34 2 Persistence Models

2.1.1 Even spacing
In Eq. (1.2) we let the time increase with constant spacing d(i) = d >

0 and write the discrete-time Gaussian AR(1) noise model,

Xnoise(1) = EN(0, 1)(1),

Xnoise(i) = a ·Xnoise(i− 1) + EN(0, 1−a2)(i), i = 2, . . . , n.
(2.1)

Herein, −1 < a < 1 is a constant and EN(µ, σ2)(·) is a Gaussian random
process with mean µ, variance σ2 and no serial dependence, that means,
E


EN(µ, σ2)(i) · EN(µ, σ2)(j)


= 0 for i = j. It readily follows that Xnoise(i)

has zero mean and unity variance, as assumed in our decomposition (Eq.
1.2). Figure 2.1 shows a realization of an AR(1) process.
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Figure 2.1. Realization of an AR(1) process (Eq. 2.1); n = 200 and a = 0.7.

The autocorrelation function,

ρ(h) =
E


Xnoise(i + h)−E


Xnoise(i + h)


·

Xnoise(i)−E


Xnoise(i)




VAR


Xnoise(i + h)


· VAR


Xnoise(i)

1/2

= E

Xnoise(i + h) ·Xnoise(i)


,

(2.2)

where h is the time lag, E is the expectation operator and VAR is the
variance operator, is given by (Priestley 1981: Section 3.5 therein)

ρ(h) = a|h|, h = 0,±1,±2, . . . . (2.3)

For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).
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The autocorrelation function,
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(2.2)

where h is the time lag, E is the expectation operator and VAR is the
variance operator, is given by (Priestley 1981: Section 3.5 therein)

ρ(h) = a|h|, h = 0,±1,±2, . . . . (2.3)

For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).
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3. Bootstrap Confidence Intervals

3.1 Error bars and confidence intervals
3.2 Bootstrap principle
3.3 Bootstrap resampling
3.4 Bootstrap confidence intervals
3.5
3.6 Bootstrap hypothesis tests
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Climate equation, stochastic process X(i)

Time series

Time series analysis uses sample to learn about process:
trend parameters, probability of extremes, cycles, etc.

4 1 Introduction

assumption like others in the business: three-dimensional space, time
arrow and causality, mathematical axioms (Kant 1781; Polanyi 1958;
Kandel 2006). The book also follows the optimistic path of Popper
(1935): small and accurately known ranges of uncertainty about the
climate system enable more precise climate hypotheses to be tested,
leading to enhanced knowledge and scientific progress. Also if one shares
Kuhn’s (1970) view, paradigm shifts in climatology have better success
chances if they are substantiated by more accurate knowledge. It is the
aim of this book to provide methods for obtaining accurate information
from complex time series data.

Climate evolves in time, and a stochastic process (a time-dependent
random variable representing a climate variable with not exactly known
value) and time series (the observed or sampled process) are central to
statistical climate analysis. We shall use a wide definition of trend and
decompose a stochastic process, X, as follows:

X(T ) = Xtrend(T ) + Xout(T ) + S(T ) · Xnoise(T ), (1.1)

where T is continuous time, Xtrend(T ) is the trend process, Xout(T ) is
the outlier process, S(T ) is a variability function scaling Xnoise(T ), the
noise process. The trend is seen to include all systematic or determi-
nistic, long-term processes such as a linear increase, a step change or a
seasonal signal. The trend is described by parameters, for example, the
rate of an increase. Outliers are events with an extremely large absolute
value and are usually rare. The noise process is assumed to be weakly
stationary with zero mean and autocorrelation. Giving Xnoise(T ) stan-
dard deviation unity enables introduction of S(T ) to honour climate’s
definition as not only the mean but also the variability of the state of
the atmosphere and other compartments (Brückner 1890; Hann 1901;
Köppen 1923). A version of Eq. (1.1) is written for discrete time, T (i),
as

X(i) = Xtrend(i) + Xout(i) + S(i) · Xnoise(i), (1.2)

using the abbreviation X(i) ≡ X(T (i)), etc. However, for unevenly
spaced T (i) this is a problematic step because of a possibly non-unique
relation between Xnoise(T ) and Xnoise(i), see Section 2.1.2.1. The ob-
served, discrete time series from process X(i) is the set of size n of paired
values t(i) and x(i), compactly written as {t(i), x(i)}n

i=1. To restate, the
aim of this book is to provide methods for obtaining quantitative esti-
mates of parameters of Xtrend(T ), Xout(T ), S(T ) and Xnoise(T ) using
the observed time series data {t(i), x(i)}n

i=1.
A problem in climate analysis is that the observation process super-

imposes on the climatic process. Xnoise(T ) may show not only climatic
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Estimator
 A recipe how to calculate parameter(s) of interest

Estimation
 We apply recipe to data and get result.

Estimate
 Numerical value of result

Hat notation
 Denotes estimator/estimate.

©
 C

lim
at

e 
R

is
k 

A
n

al
ys

is26



3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Estimation of AR(1) parameter a

34 2 Persistence Models

2.1.1 Even spacing
In Eq. (1.2) we let the time increase with constant spacing d(i) = d >

0 and write the discrete-time Gaussian AR(1) noise model,

Xnoise(1) = EN(0, 1)(1),

Xnoise(i) = a ·Xnoise(i− 1) + EN(0, 1−a2)(i), i = 2, . . . , n.
(2.1)

Herein, −1 < a < 1 is a constant and EN(µ, σ2)(·) is a Gaussian random
process with mean µ, variance σ2 and no serial dependence, that means,
E


EN(µ, σ2)(i) · EN(µ, σ2)(j)


= 0 for i = j. It readily follows that Xnoise(i)

has zero mean and unity variance, as assumed in our decomposition (Eq.
1.2). Figure 2.1 shows a realization of an AR(1) process.

0 50 100 150 200
i

-3.0

-2.0

-1.0

0.0

1.0

2.0

3.0x(i)

Figure 2.1. Realization of an AR(1) process (Eq. 2.1); n = 200 and a = 0.7.

The autocorrelation function,

ρ(h) =
E


Xnoise(i + h)−E


Xnoise(i + h)


·

Xnoise(i)−E


Xnoise(i)




VAR


Xnoise(i + h)


· VAR


Xnoise(i)

1/2

= E

Xnoise(i + h) ·Xnoise(i)


,

(2.2)

where h is the time lag, E is the expectation operator and VAR is the
variance operator, is given by (Priestley 1981: Section 3.5 therein)

ρ(h) = a|h|, h = 0,±1,±2, . . . . (2.3)

For a > 0, this behaviour may be referred to as “exponentially decreasing
memory” (Fig. 2.2).

2.1 First-order autoregressive model 35

-5 -4 -3 -2 -1 0 1 2 3 4 5
Lag, h

0.5

1ρ(h)

Figure 2.2. Autocorrelation function of the AR(1) process, a > 0. In the case of even
spacing (Section 2.1.1) ρ(h) is given by a|h| = exp [−|h| · d/τ ], in the case of uneven
spacing (Section 2.1.2) by exp [−|T (i + h)− T (i)|/τ ]. In both cases, the decrease is
exponential with decay constant τ .

Note that the assumptions in Eq. (1.2), namely E [Xnoise(i)] = 0 and
VAR [Xnoise(i)] = 1, required the formulation of the AR(1) model as
in Eq. (2.1), which is non-standard. See Section 2.6 for the standard
formulation.

Persistence estimation for the AR(1) model means estimation of the
autocorrelation parameter, a. To illustrate autocorrelation estimation,
assume that from the time series data, {x(i)}n

i=1, the outliers have been
removed and the trend and variability properties (Eq. 1.2) determined
and used (as in Fig. 1.11) to extract {xnoise(i)}n

i=1, realizations of the
noise process. An estimator of the autocorrelation parameter, that
means, a recipe how to calculate a from {xnoise(i)}n

i=1, is given by

a =
n

i=2

xnoise(i) · xnoise(i− 1)


n

i=2

xnoise(i)2. (2.4)

(Chapter 3 introduces estimators and the “hat notation.”) Note that
estimator a is biased, that means, if {Xnoise(i)} is an AR(1) process with
parameter a, then E (a) = a. Only approximation formulas exist for the
bias in general autocorrelation estimation. Such formulas can be used
for bias correction. Similarly, also the estimation variance, VAR (a), is
only approximately known. In general, bias and variance decrease with
n. The background material (Section 2.6) gives various bias and variance
formulas, informs about bias correction and lists other autocorrelation
estimators.
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

True parameter   Sample      Estimator, estimate
       Time series

θ               θ

(“Theta”)             (“Theta hat”)

       n < ∞, 
       Observation errors
        (measurement,
        proxy, calibration,
        climate model, etc.)

4 1 Introduction
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dard deviation unity enables introduction of S(T ) to honour climate’s
definition as not only the mean but also the variability of the state of
the atmosphere and other compartments (Brückner 1890; Hann 1901;
Köppen 1923). A version of Eq. (1.1) is written for discrete time, T (i),
as
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using the abbreviation X(i) ≡ X(T (i)), etc. However, for unevenly
spaced T (i) this is a problematic step because of a possibly non-unique
relation between Xnoise(T ) and Xnoise(i), see Section 2.1.2.1. The ob-
served, discrete time series from process X(i) is the set of size n of paired
values t(i) and x(i), compactly written as {t(i), x(i)}n

i=1. To restate, the
aim of this book is to provide methods for obtaining quantitative esti-
mates of parameters of Xtrend(T ), Xout(T ), S(T ) and Xnoise(T ) using
the observed time series data {t(i), x(i)}n

i=1.
A problem in climate analysis is that the observation process super-

imposes on the climatic process. Xnoise(T ) may show not only climatic
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Estimate does not equal true (but unknown) value,
it deviates.

However,
we can say how large this deviation typically is:
error bars, confidence intervals, etc.

We need statistical language,
we make a statistical inference.
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals—Philosophical excursion

Assumptions implicitly made sofar include:
 (1) Truth exists (logic, realism)
 (2) Time arrow
 (3) Ergodicity
 (4) Foundation of probability (axiomatic approach)

Recommendation:
Be cautious with “blog science” or “post-normal” stuff.

Kant (1781), Popper (1935), Einstein (1949), Polanyi (1958), Kuhn (1970)
Feynman (1974) Cargo cult science. Engineering and Science, June 1974, p. 10–13
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

PDF of an estimator

Standard error

Bias

Root mean squared error   Confidence interval (e.g., equi-tailed)

f (θ)

θ

^

^
θ

5% 5%

θ̂ l
^E(θ) θ̂ u

^~1.645 se θ

^bias θ

^se θ

66 3 Bootstrap Confidence Intervals

growth of climatological knowledge depends critically on estimates of θ
that are accompanied by error bars or other measures of their accuracy.

Bootstrap resampling (Sections 3.2 and 3.3) is an approach to con-
struct error bars and CIs. The idea is to draw random resamples from
the data and calculate error bars and CIs from repeated estimations on
the resamples. For climate time series, the bootstrap is potentially supe-
rior to the classical approach, which relies partly on unrealistic assump-
tions regarding distributional shape, persistence and spacing (Chap-
ter 1). However, the bootstrap, developed originally for data without
serial dependence, has to be adapted before applying it to time series.
Two classes of adaptions exist for taking persistence into account. First,
nonparametric bootstrap methods resample sequences, or blocks, of the
data. They preserve the dependence structure over the length of a block.
Second, the parametric bootstrap adopts a dependence model. As such,
the AR(1) model (Chapter 2) is our favorite.

It turns out that both bootstrap resampling types have the potential
to yield acceptably accurate CIs for estimated climate parameters. A
problem for the block bootstrap arises from uneven time spacing. An-
other difficult point is to find optimal block lengths. This could make the
parametric bootstrap superior within the context of this book, especially
for small data sizes (less than, say, 50). The block bootstrap, however,
is important when the deviations from AR(1) persistence seem to be
strong. Various CI types are investigated. We prefer a version (so-called
BCa interval) that automatically corrects for estimation bias and scale
effects. Computing-intensive calibration techniques can further increase
the accuracy.

3.1 Error bars and confidence intervals
Let θ be the parameter of interest of the climatic process {X(T )} and

θ be the estimator. Extension to a set of parameters is straightforward.
Any meaningful construction lets the estimator be a function of the
process, θ = g ({X(T )}). That means, θ is a random variable with
statistical properties. The standard deviation of θ, denoted as standard
error, is

seθ =

VAR

θ
1/2

. (3.1)

The bias of θ is
biasθ = E

θ

− θ. (3.2)

biasθ > 0 (biasθ < 0) means a systematic overestimation (underesti-
mation). seθ and biasθ are illustrated in Fig. 3.1. Desirable estimators
have small seθ and small biasθ. In many estimations, a trade-off problem
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Figure 3.1. Standard error (seθ), bias (biasθ) and equi-tailed confidence interval

(CIθ,1−2α = [θl; θu]) for a Gaussian distributed estimator, θ. The true parameter
value is θ; the confidence level is 1− 2α = 90%.

between seθ and biasθ occurs. A convenient measure is the root mean
squared error,

RMSEθ =

E

θ − θ
2

1/2

=
�
seθ

2 + biasθ
2
1/2

.

(3.3)

The coefficient of variation is

CVθ = seθ
E

θ
 . (3.4)

While θ is a best guess of θ or a point estimate, a CI is an interval
estimate that informs how good a guess is (Fig. 3.1). The CI for θ is

CIθ,1−2α
=

θl; θu


, (3.5)

where 0 ≤ 1 − 2α ≤ 1 is a prescribed value, denoted as confidence
level. The practical examples in his book consider 90% (α = 0.05) or
95% (α = 0.025) CIs, which are reasonable choices for climatological
problems. θl is the lower, θu the upper endpoint of the CI. θl and θu are
random variables and have statistical properties such as standard error
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The coefficient of variation is

CVθ = seθ
E

θ
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While θ is a best guess of θ or a point estimate, a CI is an interval
estimate that informs how good a guess is (Fig. 3.1). The CI for θ is

CIθ,1−2α
=

θl; θu


, (3.5)

where 0 ≤ 1 − 2α ≤ 1 is a prescribed value, denoted as confidence
level. The practical examples in his book consider 90% (α = 0.05) or
95% (α = 0.025) CIs, which are reasonable choices for climatological
problems. θl is the lower, θu the upper endpoint of the CI. θl and θu are
random variables and have statistical properties such as standard error

Book, Eqs. (3.1), (3.2), (3.3), (3.5)
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Mean estimation of Gaussian white noise

What is the expectation?

f (x)

xa    a+�
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or bias. The properties of interest for CIs are the coverages,

γl = prob

θ ≤ θl


, (3.6)

γu = prob

θ ≥ θu


(3.7)

and

γ = prob
θl < θ < θu


= 1− γl − γu. (3.8)

Exact CIs have coverages, γ, equal to the nominal value 1 − 2α. Con-
struction of exact CIs requires knowledge of the distribution of θ, which
can be achieved only for simple problems. In more complex situations,
only approximate CIs can be constructed (Section 3.1.3). As regards the
division of the nominal coverage between the CI endpoints, this book
adopts a practical approach and considers only equi-tailed CIs, where
nominally γl = γu = α. As a second CI property besides coverage, we
consider interval length, θu − θl, which is ideally small.

Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)
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Book, Eqs. (3.9), (3.10), Section 3.1.1
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Mean estimation of Gaussian white noise

What is the expectation?

 (μ + μ + μ + … + μ)/n = μ × n/n = μ    (zero bias)

f (x)

xa    a+�
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Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)

Book, Eqs. (3.9), (3.10), Section 3.1.1
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Mean estimation of Gaussian white noise

What is the variance?

f (x)
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or bias. The properties of interest for CIs are the coverages,

γl = prob

θ ≤ θl


, (3.6)

γu = prob

θ ≥ θu


(3.7)

and

γ = prob
θl < θ < θu


= 1− γl − γu. (3.8)

Exact CIs have coverages, γ, equal to the nominal value 1 − 2α. Con-
struction of exact CIs requires knowledge of the distribution of θ, which
can be achieved only for simple problems. In more complex situations,
only approximate CIs can be constructed (Section 3.1.3). As regards the
division of the nominal coverage between the CI endpoints, this book
adopts a practical approach and considers only equi-tailed CIs, where
nominally γl = γu = α. As a second CI property besides coverage, we
consider interval length, θu − θl, which is ideally small.

Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)
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or bias. The properties of interest for CIs are the coverages,

γl = prob

θ ≤ θl


, (3.6)

γu = prob

θ ≥ θu


(3.7)

and

γ = prob
θl < θ < θu


= 1− γl − γu. (3.8)

Exact CIs have coverages, γ, equal to the nominal value 1 − 2α. Con-
struction of exact CIs requires knowledge of the distribution of θ, which
can be achieved only for simple problems. In more complex situations,
only approximate CIs can be constructed (Section 3.1.3). As regards the
division of the nominal coverage between the CI endpoints, this book
adopts a practical approach and considers only equi-tailed CIs, where
nominally γl = γu = α. As a second CI property besides coverage, we
consider interval length, θu − θl, which is ideally small.

Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)

Book, Eqs. (3.9), (3.10), Section 3.1.1
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Mean estimation of Gaussian white noise

What is the variance?

 (σ2 + σ2 + σ2 + … + σ2)/n2 = σ2 × n/n2 = σ2/n  (standard error σn–1/2)

f (x)
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or bias. The properties of interest for CIs are the coverages,

γl = prob

θ ≤ θl


, (3.6)

γu = prob

θ ≥ θu


(3.7)

and

γ = prob
θl < θ < θu


= 1− γl − γu. (3.8)

Exact CIs have coverages, γ, equal to the nominal value 1 − 2α. Con-
struction of exact CIs requires knowledge of the distribution of θ, which
can be achieved only for simple problems. In more complex situations,
only approximate CIs can be constructed (Section 3.1.3). As regards the
division of the nominal coverage between the CI endpoints, this book
adopts a practical approach and considers only equi-tailed CIs, where
nominally γl = γu = α. As a second CI property besides coverage, we
consider interval length, θu − θl, which is ideally small.

Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)
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or bias. The properties of interest for CIs are the coverages,

γl = prob

θ ≤ θl


, (3.6)

γu = prob

θ ≥ θu


(3.7)

and

γ = prob
θl < θ < θu


= 1− γl − γu. (3.8)

Exact CIs have coverages, γ, equal to the nominal value 1 − 2α. Con-
struction of exact CIs requires knowledge of the distribution of θ, which
can be achieved only for simple problems. In more complex situations,
only approximate CIs can be constructed (Section 3.1.3). As regards the
division of the nominal coverage between the CI endpoints, this book
adopts a practical approach and considers only equi-tailed CIs, where
nominally γl = γu = α. As a second CI property besides coverage, we
consider interval length, θu − θl, which is ideally small.

Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)

Book, Eqs. (3.9), (3.10), Section 3.1.1
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Mean estimation of Gaussian white noise

What is the distribution of the estimator?

f (x)
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or bias. The properties of interest for CIs are the coverages,

γl = prob

θ ≤ θl


, (3.6)

γu = prob

θ ≥ θu


(3.7)

and

γ = prob
θl < θ < θu


= 1− γl − γu. (3.8)

Exact CIs have coverages, γ, equal to the nominal value 1 − 2α. Con-
struction of exact CIs requires knowledge of the distribution of θ, which
can be achieved only for simple problems. In more complex situations,
only approximate CIs can be constructed (Section 3.1.3). As regards the
division of the nominal coverage between the CI endpoints, this book
adopts a practical approach and considers only equi-tailed CIs, where
nominally γl = γu = α. As a second CI property besides coverage, we
consider interval length, θu − θl, which is ideally small.

Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)

68 3 Bootstrap Confidence Intervals

or bias. The properties of interest for CIs are the coverages,

γl = prob

θ ≤ θl


, (3.6)

γu = prob

θ ≥ θu


(3.7)

and

γ = prob
θl < θ < θu


= 1− γl − γu. (3.8)

Exact CIs have coverages, γ, equal to the nominal value 1 − 2α. Con-
struction of exact CIs requires knowledge of the distribution of θ, which
can be achieved only for simple problems. In more complex situations,
only approximate CIs can be constructed (Section 3.1.3). As regards the
division of the nominal coverage between the CI endpoints, this book
adopts a practical approach and considers only equi-tailed CIs, where
nominally γl = γu = α. As a second CI property besides coverage, we
consider interval length, θu − θl, which is ideally small.

Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)

Book, Eqs. (3.9), (3.10), Section 3.1.1
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Mean estimation of Gaussian white noise

What is the distribution of the estimator?

 Student’s t-distribution       (we can calculate CIs)

f (x)
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or bias. The properties of interest for CIs are the coverages,

γl = prob

θ ≤ θl


, (3.6)

γu = prob

θ ≥ θu


(3.7)

and

γ = prob
θl < θ < θu


= 1− γl − γu. (3.8)

Exact CIs have coverages, γ, equal to the nominal value 1 − 2α. Con-
struction of exact CIs requires knowledge of the distribution of θ, which
can be achieved only for simple problems. In more complex situations,
only approximate CIs can be constructed (Section 3.1.3). As regards the
division of the nominal coverage between the CI endpoints, this book
adopts a practical approach and considers only equi-tailed CIs, where
nominally γl = γu = α. As a second CI property besides coverage, we
consider interval length, θu − θl, which is ideally small.

Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)

68 3 Bootstrap Confidence Intervals

or bias. The properties of interest for CIs are the coverages,

γl = prob

θ ≤ θl


, (3.6)

γu = prob

θ ≥ θu


(3.7)

and

γ = prob
θl < θ < θu


= 1− γl − γu. (3.8)

Exact CIs have coverages, γ, equal to the nominal value 1 − 2α. Con-
struction of exact CIs requires knowledge of the distribution of θ, which
can be achieved only for simple problems. In more complex situations,
only approximate CIs can be constructed (Section 3.1.3). As regards the
division of the nominal coverage between the CI endpoints, this book
adopts a practical approach and considers only equi-tailed CIs, where
nominally γl = γu = α. As a second CI property besides coverage, we
consider interval length, θu − θl, which is ideally small.

Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)

Book, Eqs. (3.9), (3.10), (3.15), Section 3.1.1; Johnson et al. (1995)
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals70 3 Bootstrap Confidence Intervals

Table 3.1. Monte Carlo experiment, mean estimation of a Gaussian purely random
process. nsim = 4,750,000 random samples of {X(i)}ni=1 were generated after Eq. (3.9)
with µ = 1.0, σ = 2.0 and various n values. An exact confidence interval CIx̄,1−2α was
constructed for each simulation after Eq. (3.18) with α = 0.025. Average CI length,
empirical RMSEX̄ and empirical coverage were determined subsequently. The entries
are rounded.

n RMSEa
x̄ Nominalb  CI length c Nominald γex̄ Nominal

10 0.6327 0.6325 2.7832 2.7832 0.9499 0.9500
20 0.4474 0.4472 1.8476 1.8476 0.9498 0.9500
50 0.2828 0.2828 1.1310 1.1310 0.9501 0.9500

100 0.2000 0.2000 0.7916 0.7917 0.9499 0.9500
200 0.1415 0.1414 0.5570 0.5571 0.9499 0.9500
500 0.0894 0.0894 0.3513 0.3513 0.9500 0.9500

1000 0.0633 0.0632 0.2482 0.2482 0.9499 0.9500

a Empirical RMSEX̄ , given by
nsim

i=1 (x̄− µ)2 /nsim

1/2
.

b σ · n−1/2.
c Average value over nsim simulations.
d 2 · tn−1(1− α) · σ · c · n−1/2, where c is given by Eq. (3.24).
e Empirical coverage, given by the number of simulations where CIx̄,1−2α contains
µ, divided by nsim. Standard error of γx̄ is (Efron and Tibshirani 1993) nominally

[2α(1− 2α)/nsim]1/2 = 0.0001.

The properties of Sn−1 are as follows:

seSn−1 = σ ·
�
1− c2

1/2
, (3.20)

biasSn−1 = σ · (c− 1) , (3.21)

RMSESn−1 = σ · [2(1− c)]1/2 (3.22)

and

CVSn−1 =
�
1/c2 − 1

1/2
, (3.23)

where

c = [2/(n− 1)]1/2 · Γ(n/2) / Γ((n− 1)/2). (3.24)

On the sample level, we write

σ = sn−1 =


n
i=1

[x(i)− x̄]2 /(n− 1)

1/2

(3.25)
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Mean estimation of Gaussian white noise

Simple data generating process,
simple estimation problem:
 we can write down PDF of estimator (i.e., we have everything),
 CIs are exact.

f (x)
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68 3 Bootstrap Confidence Intervals

or bias. The properties of interest for CIs are the coverages,

γl = prob

θ ≤ θl


, (3.6)

γu = prob

θ ≥ θu


(3.7)

and

γ = prob
θl < θ < θu


= 1− γl − γu. (3.8)

Exact CIs have coverages, γ, equal to the nominal value 1 − 2α. Con-
struction of exact CIs requires knowledge of the distribution of θ, which
can be achieved only for simple problems. In more complex situations,
only approximate CIs can be constructed (Section 3.1.3). As regards the
division of the nominal coverage between the CI endpoints, this book
adopts a practical approach and considers only equi-tailed CIs, where
nominally γl = γu = α. As a second CI property besides coverage, we
consider interval length, θu − θl, which is ideally small.

Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)

68 3 Bootstrap Confidence Intervals

or bias. The properties of interest for CIs are the coverages,

γl = prob

θ ≤ θl


, (3.6)

γu = prob

θ ≥ θu


(3.7)

and

γ = prob
θl < θ < θu


= 1− γl − γu. (3.8)

Exact CIs have coverages, γ, equal to the nominal value 1 − 2α. Con-
struction of exact CIs requires knowledge of the distribution of θ, which
can be achieved only for simple problems. In more complex situations,
only approximate CIs can be constructed (Section 3.1.3). As regards the
division of the nominal coverage between the CI endpoints, this book
adopts a practical approach and considers only equi-tailed CIs, where
nominally γl = γu = α. As a second CI property besides coverage, we
consider interval length, θu − θl, which is ideally small.

Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)

Book, Eqs. (3.9), (3.10), Section 3.1.1
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Standard deviation estimation
of Gaussian white noise

Simple data generating process,
simple estimation problem:
 we can write down PDF of estimator (i.e., we have everything),
 CIs are exact.

f (x)

xa    a+�

Book, Eqs. (3.9), (3.19), Section 3.1.2
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or bias. The properties of interest for CIs are the coverages,

γl = prob

θ ≤ θl


, (3.6)

γu = prob

θ ≥ θu


(3.7)

and

γ = prob
θl < θ < θu


= 1− γl − γu. (3.8)

Exact CIs have coverages, γ, equal to the nominal value 1 − 2α. Con-
struction of exact CIs requires knowledge of the distribution of θ, which
can be achieved only for simple problems. In more complex situations,
only approximate CIs can be constructed (Section 3.1.3). As regards the
division of the nominal coverage between the CI endpoints, this book
adopts a practical approach and considers only equi-tailed CIs, where
nominally γl = γu = α. As a second CI property besides coverage, we
consider interval length, θu − θl, which is ideally small.

Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)
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and

CVX̄ = σ · n−1/2 · µ−1. (3.14)

An exact CI of level 1−2α can be constructed by means of the Student’s
t distribution of X̄ (von Storch and Zwiers 1999):

CIX̄,1−2α =

X̄ + tn−1(α) · Sn−1 · n−1/2; X̄ + tn−1(1− α) · Sn−1 · n−1/2


.

(3.15)
tν(β) is the percentage point at β of the t distribution function with ν
degrees of freedom (Section 3.9).

On the sample level, we write the estimated sample mean,

µ = x̄ =
n
i=1

x(i)/n, (3.16)

the estimated standard error,

sex̄ =


n
i=1

[x(i)− x̄]2 /n2

1/2

, (3.17)

and the confidence interval,

CIx̄,1−2α =

x̄+ tn−1(α) · sn−1 · n−1/2; x̄+ tn−1(1− α) · sn−1 · n−1/2


,

(3.18)
where sn−1 is given by Eq. (3.25).

The performance of the CI in Eq. (3.18) for Gaussian white noise is
analysed by means of a Monte Carlo simulation experiment. The CI
performs excellent in coverage (Table 3.1), as expected from its exact-
ness. The second CI property, length, decreases with data size. It can
be further compared with CI lengths for other location measures.

3.1.2 Theoretical example: standard deviation
estimation of Gaussian white noise

Consider the Gaussian white-noise process (Eq. 3.9) with unknown
mean, and as estimator of σ the sample standard deviation, written on
process level as

σ = Sn−1 =


n
i=1


X(i)− X̄

2
/(n− 1)

1/2

. (3.19)

©
 C

lim
at

e 
R

is
k 

A
n

al
ys

is40
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3.1 Error bars and confidence intervals

Mean estimation of lognormal white noise

Distributional assumption violated:
 data generating process lognormal, not Gaussian.

What happens to CI (from Student’s t-distribution)?

68 3 Bootstrap Confidence Intervals

or bias. The properties of interest for CIs are the coverages,

γl = prob

θ ≤ θl


, (3.6)

γu = prob

θ ≥ θu


(3.7)

and

γ = prob
θl < θ < θu


= 1− γl − γu. (3.8)

Exact CIs have coverages, γ, equal to the nominal value 1 − 2α. Con-
struction of exact CIs requires knowledge of the distribution of θ, which
can be achieved only for simple problems. In more complex situations,
only approximate CIs can be constructed (Section 3.1.3). As regards the
division of the nominal coverage between the CI endpoints, this book
adopts a practical approach and considers only equi-tailed CIs, where
nominally γl = γu = α. As a second CI property besides coverage, we
consider interval length, θu − θl, which is ideally small.

Preceding paragraphs considered estimators on the process level. In
practice, on the sample level, we plug in the data {t(i), x(i)}n

i=1 for
{T (i), X(i)}n

i=1. Following the usual convention, we denote also the
estimator on the sample level as θ. An example is the autocorrelation
estimator (Eq. 2.4).

3.1.1 Theoretical example: mean estimation of
Gaussian white noise

Let the process {X(i)}n
i=1 be given by

X(i) = EN(µ, σ2)(i), i = 1, . . . , n, (3.9)

which is called a Gaussian purely random process or Gaussian white
noise. There is no serial dependence, and the times T (i) are not of
interest. Consider as estimator θ of the mean, µ, the sample mean,
written on process level as

µ = X̄ =
n

i=1

X(i)/n. (3.10)

Let also σ be unknown and estimated by the sample standard deviation,
σ = Sn−1, given in the next example (Eq. 3.19). The properties of X̄
readily follow as

seX̄ = σ · n−1/2, (3.11)
biasX̄ = 0, (3.12)

RMSEX̄ = seX̄ (3.13)

Book, Eq. (3.10), Fig. 3.2, Section 3.1.3
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0

0.1

0.2
f(x)

0 5 10
x

Figure 3.2. Lognormal density function from Example 3 (Table 3.3), with µ = 1.0
and σ = 1.0. The expression for f(x) is given by Eq. (3.61).

then the CI is called first-order accurate; if C is of O
�
n−1


, then the

CI is called second-order accurate; and so forth. The same CI accu-
racy applies also to two-sided CIs. Desirable approximate CIs have a
high-order accuracy. Coverage accuracy is the major criterion employed
in this book for assessing the quality of a CI. As a second property
we consider interval length, θu − θl, which is ideally small. Related to
CI accuracy is CI correctness (Efron and Tibshirani 1993: Section 22.2
therein), which refers to the difference between an exact CI endpoint
(which has C = 0) and an approximate CI endpoint, expanded in terms
of powers of n.

For practical situations it is conceivable that different estimators, θ1

and θ2, of the same parameter, θ, exist. Consider for example param-
eter estimation of the AR(p) model, for which Priestley (1981: Section
5.4.1 therein) gives four sets of estimators, namely exact likelihood, least
squares, approximate least squares and Yule–Walker. Each estimator
has its own properties such as standard error, bias, RMSE, CI length or
CI coverage accuracy.

An important attribute of an estimator is robustness, which means
that the θ properties depend only weakly on made assumptions (shape,
persistence and spacing). Robust estimators perform better (e.g., have
smaller RMSE or higher coverage accuracy) than non-robust in non-ideal
situations. Example 3 shows that the sample median as an estimator of

72 3 Bootstrap Confidence Intervals

Table 3.3. Monte Carlo experiment, mean and median estimation of a lognormal
purely random process. nsim = 4,750,000 random samples of {X(i)}ni=1 were gener-
ated after X(i) = exp


EN(µ, σ2)(i)


, i = 1, . . . , n, with µ = 1.0, σ = 1.0 and various

n values. The density function is skewed (Fig. 3.2). Analysed as estimators of the
centre of location of the distribution were the sample mean (Eq. 3.16) and the sample
median, m (see background material, Section 3.8). CIx̄,1−2α was constructed after
Eq. (3.18) with α = 0.025.

n RMSE m RMSEx̄ γax̄ Nominal Cb

10 1.1647 1.8575 0.8392 0.9500 −0.1108
20 0.7893 1.3140 0.8670 0.9500 −0.0830
50 0.4884 0.8309 0.8991 0.9500 −0.0509

100 0.3430 0.5880 0.9170 0.9500 −0.0330
200 0.2418 0.4155 0.9296 0.9500 −0.0204
500 0.1526 0.2627 0.9399 0.9500 −0.0101

1000 0.1078 0.1858 0.9442 0.9500 −0.0058

a Standard error of γx̄ is nominally 0.0001.
b Empirical coverage error of CIx̄,1−2α, given by γx̄ minus nominal value.

chi-squared, respectively. Finally, exact CIs were obtained using the per-
centage points of the distributions of the estimators.

In the real climatological world, however, such simple assumptions
regarding distributional shape, persistence and spacing cannot be ex-
pected to be fulfilled (Chapter 1). In the practical setting, further ques-
tions than just after mean and standard deviation are asked, leading to
more complex parameters, θ. The major part of the rest of this book is
devoted to such problems. Also the estimators of those parameters have
commonly more complex distributions, f(θ).

Example 3 (Table 3.3) goes a small step from the theoretical in the
direction of the real world. This case illustrates the effects of viola-
tions of the distributional assumption. Example 3 assumes that X(i)
are Gaussian distributed, although the prescribed true distribution is
lognormal. This leads to a Student’s t CI with an empirical coverage
that deviates from the nominal value by several standard errors (Ta-
ble 3.3). The difference is the coverage error (see next paragraph), its
absolute value decreases with the data size. This CI is not exact but only
approximate. Table 3.4 summarizes theoretical and practical settings.

Coverage error, C, is defined by means of a single-sided CI endpoint
(Efron and Tibshirani 1993), for example,

C = γl − α. (3.27)

If C decreases with sample size as O
�
n−1/2


, that means, if C is com-

posed of terms of powers of 1/n that are greater than or equal to 1/2,
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3.1 Error bars and confidence intervals72 3 Bootstrap Confidence Intervals

Table 3.3. Monte Carlo experiment, mean and median estimation of a lognormal
purely random process. nsim = 4,750,000 random samples of {X(i)}ni=1 were gener-
ated after X(i) = exp


EN(µ, σ2)(i)


, i = 1, . . . , n, with µ = 1.0, σ = 1.0 and various

n values. The density function is skewed (Fig. 3.2). Analysed as estimators of the
centre of location of the distribution were the sample mean (Eq. 3.16) and the sample
median, m (see background material, Section 3.8). CIx̄,1−2α was constructed after
Eq. (3.18) with α = 0.025.

n RMSE m RMSEx̄ γax̄ Nominal Cb

10 1.1647 1.8575 0.8392 0.9500 −0.1108
20 0.7893 1.3140 0.8670 0.9500 −0.0830
50 0.4884 0.8309 0.8991 0.9500 −0.0509

100 0.3430 0.5880 0.9170 0.9500 −0.0330
200 0.2418 0.4155 0.9296 0.9500 −0.0204
500 0.1526 0.2627 0.9399 0.9500 −0.0101

1000 0.1078 0.1858 0.9442 0.9500 −0.0058

a Standard error of γx̄ is nominally 0.0001.
b Empirical coverage error of CIx̄,1−2α, given by γx̄ minus nominal value.

chi-squared, respectively. Finally, exact CIs were obtained using the per-
centage points of the distributions of the estimators.

In the real climatological world, however, such simple assumptions
regarding distributional shape, persistence and spacing cannot be ex-
pected to be fulfilled (Chapter 1). In the practical setting, further ques-
tions than just after mean and standard deviation are asked, leading to
more complex parameters, θ. The major part of the rest of this book is
devoted to such problems. Also the estimators of those parameters have
commonly more complex distributions, f(θ).

Example 3 (Table 3.3) goes a small step from the theoretical in the
direction of the real world. This case illustrates the effects of viola-
tions of the distributional assumption. Example 3 assumes that X(i)
are Gaussian distributed, although the prescribed true distribution is
lognormal. This leads to a Student’s t CI with an empirical coverage
that deviates from the nominal value by several standard errors (Ta-
ble 3.3). The difference is the coverage error (see next paragraph), its
absolute value decreases with the data size. This CI is not exact but only
approximate. Table 3.4 summarizes theoretical and practical settings.

Coverage error, C, is defined by means of a single-sided CI endpoint
(Efron and Tibshirani 1993), for example,

C = γl − α. (3.27)

If C decreases with sample size as O
�
n−1/2


, that means, if C is com-

posed of terms of powers of 1/n that are greater than or equal to 1/2,

Book, Table 3.3 (modified)
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Real world
 Violated assumptions (e.g., distributional shape)
 CIs not exact, but only approximate
 CIs have coverage error, C
 C decreases with n
  C ~ 1/n1/2 first-order accurate CI
  C ~ 1/n second-order accurate CI
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3. Bootstrap Confidence Intervals
3.1 Error bars and confidence intervals

Real world
 Complex processes (distributional shape, persistence, spacing)
 Complex estimation problems
 PDF of estimator cannot be derived analytically
 Approximate CIs

Bootstrap
 Real world
 Method to construct (approximate) CIs
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3. Bootstrap Confidence Intervals
3.2 Bootstrap principle

{t(i), x(i)}i=1        θ n ^ Sample,
estimate

{t*1(i), x*1(i)}i=1
n {t*2(i), x*2(i)}i=1

n {t*B(i), x*B(i)}i=1
n Resamples

Confidence
interval

θ*1 ^   Replicationsθ*2 ^   θ*B ^   

CIθ,1–2α^

Book, Fig. 3.3
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3. Bootstrap Confidence Intervals
3.2 Bootstrap principle

Bootstrap
 Resampling
  Moving block bootstrap (MBB)
  Autoregressive bootstrap (ARB)
  Other
 Confidence interval construction
  Normal
  Student’s t
  Percentile
  BCa
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3. Bootstrap Confidence Intervals
3.3 Bootstrap resampling

Moving block bootstrap (MBB)

Book, Algorithm 3.1

3.3 Bootstrap resampling 79

Block 1

Block 2 Block n–l+1

x(1) x(2) x(l ) x(l+1) x(n)x(n–l+1)

Step 1 Data {t(i), x(i)}ni=1

Step 2 Resampled times unchanged {t∗(i)}ni=1 = {t(i)}
n
i=1

Step 3 Blocks j (see above) {x(i)}j+l−1
i=j , j = 1, . . . , n− l + 1

Step 4 Set counter c = 1

Start resampling

Step 5 Draw random block j∗ j∗ ∈ {1, . . . , n− l + 1}

Step 6 Insert block data {x∗(i)}c+l−1
i=c = {x(i)}j

∗+l−1
i=j∗

If x∗(n) has been inserted Stop inserting and exit

Step 7 Increase counter c → c + l

Step 8 Go to Step 5

End resampling

Algorithm 3.1. Moving block bootstrap algorithm (MBB). Note: An equation like
{t∗(i)}ni=1 = {t(i)}

n
i=1 is used to denote t∗(i) = t(i), i = 1, . . . , n.

means of Monte Carlo simulations of real-world conditions, as is done in
subsequent parts of this book.

Bühlmann and Künsch (1999) presented a fully data-driven block
length selector (Algorithm 3.2). They showed the equivalence of lopt

selection and smoothing in spectral estimation (Chapter 5).
Berkowitz and Kilian (2000) presented a brute-force block length se-

lector:

1 Approximate the data generating process by a parametric model (e.g.,
ARMA).

2 Generate Monte Carlo samples from this fitted model.
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3. Bootstrap Confidence Intervals
3.3 Bootstrap resampling
82 3 Bootstrap Confidence Intervals

Step 1 Data {t(i), x(i)}ni=1

Step 2 Resampled times {t∗(i)}ni=1 = {t(i)}
n
i=1

unchanged

Step 3 Residuals (Eq. 3.29) r(i) = [x(i)− xtrend(i)− xout(i)]
S(i)

Step 4 Apply MBB

(Algorithm 3.1)

to residuals {r(i)}ni=1

Step 5 Resampled residuals {r∗(i)}ni=1

Step 6 Use resampled residuals

to produce resamples x∗(i) = xtrend(i) + xout(i) + S(i) · r∗(i)

Algorithm 3.3. MBB for realistic climate processes, which comprise trend, outlier
and variability components.

Plugging in the estimates into the climate equation (Eq. 1.2) yields

r(i) = [x(i)− xtrend(i)− xout(i)]
S(i), i = 1, . . . , n, (3.29)

where xtrend(i), xout(i) and S(i) are estimated trend, outlier and vari-
ability components, respectively. The following chapters explain such
estimations. The residuals, r(i), are realizations of the noise process.
(Analogously, the residuals, (i), in Chapter 2 are realizations of a white-
noise process.) The MBB for realistic climate processes is listed as Al-
gorithm 3.3.

The trend, outlier and variability components allow to describe non-
stationary climate processes. A further type of nonstationarity regards
persistence. Consider as example ice-volume fluctuations over the past 4
Ma. In the early part (Pliocene), the persistence was weaker than in the
late part (Pleistocene), when huge continental ice-sheets had been built
up (Mudelsee and Raymo 2005). Such nonstationarity can be accounted
for by the local block bootstrap (Paparoditis and Politis 2002), where,
in the example, Pliocene resamples, x∗(i), are restricted to come from
the Pliocene data, x(i), analogously for Pleistocene resamples. The local
block bootstrap could also be applied, as an alternative to using MBB
and the residuals, to produce nonparametric trend and variability esti-
mates with CIs (Bühlmann 1998). The cited paper applies smoothing
to an ozone time series from Switzerland, 1932–1996. Evidently, the size
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3. Bootstrap Confidence Intervals
3.4 Bootstrap confidence intervals

{t(i), x(i)}i=1        θ n ^ Sample,
estimate

{t*1(i), x*1(i)}i=1
n {t*2(i), x*2(i)}i=1

n {t*B(i), x*B(i)}i=1
n Resamples

Confidence
interval

θ*1 ^   Replicationsθ*2 ^   θ*B ^   

CIθ,1–2α^

Book, Fig. 3.3
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3. Bootstrap Confidence Intervals
3.4 Bootstrap confidence intervals

Bootstrap standard error

86 3 Bootstrap Confidence Intervals

3.3.3 Parametric: surrogate data
The surrogate data approach (Algorithm 3.6), related to ARB, is a

simulation rather than a resampling method. No residuals are drawn as
in the ARB. Instead, climate equation residuals {r∗(i)}ni=1 are obtained
by numerical simulation (Step 8) from the persistence model with esti-
mated (and bias-corrected) parameters. Because also the distributional
shape is specified, the surrogate data approach is bounded stronger by
parametric restrictions than the ARB. Therein lies its danger: it is more
prone than the ARB to systematic errors from violated assumptions.

3.4 Bootstrap confidence intervals
Estimation of θ is repeated for the resamples, {t∗b(i), x∗b(i)}ni=1, b =

1, . . . , B. This yields the bootstrap replications, {θ∗b}Bb=1. The repli-
cations are used to construct equi-tailed (1 − 2α) confidence intervals,
CIθ,1−2α

, see Fig. 3.3.
Two approaches, standard error based and percentile based, domi-

nate theory and practice of bootstrap CI construction. The estimated
bootstrap standard error is the sample standard error of the replications,

seθ∗ =


B
b=1

θ∗b −
θ∗b

2


(B − 1)

1/2

, (3.30)

where
θ∗b


=

B
b=1

θ∗b/B. The percentiles result from the empirical
distribution function (Eq. 3.43) of the replications. The accuracy of
bootstrap CIs depends critically on the similarity (in terms of standard
errors or percentiles) of the distribution of the bootstrap replications
and the true distribution, f(θ). Various concepts exist for accounting
for the deviations between the two distributions.

Suppressing “simulation noise” requires more resamples for percentile
estimation than for bootstrap standard error estimation. This book
follows the recommendation of Efron and Tibshirani (1993), and sets
throughout B = 2000 (or 1999 for percentile CIs). For a reasonable
α value such as 0.025, this means that a number of 50 replications are
outside the percentile bound. An own simulation study, analysing the
coefficient of variation of a CI endpoint in dependence of B, confirmed
that this choice is sufficient also in a bivariate setting (Mudelsee and
Alkio 2007).
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3. Bootstrap Confidence Intervals
3.4 Bootstrap confidence intervals

Normal confidence interval

z(α) Percentage point of normal distribution
  Example
   z(1 – 0.025) ≈ 1.959964
   “±2-sigma interval is 95% CI.”
  

3.4 Bootstrap confidence intervals 87

Step 1 Data {t(i), x(i)}n
i=1

Step 2 Resampled times {t∗(i)}n
i=1 = {t(i)}n

i=1

unchanged

Step 3 Estimated trend, {xtrend(i)}n
i=1,

outliers, {xout(i)}n
i=1,

variability
S(i)

n

i=1

Step 4 Climate equation {r(i)}n
i=1

residuals (Eq. 3.29)

Step 5 Assume {r(i)}n
i=1 to

come from

specific model

(shape, persistence)

Step 6 Estimate model

parameters

Step 7 Bias correction

Step 8 Simulate climate

equation residuals {r∗(i)}n
i=1

from estimated model

Step 9 Simulated data x∗(i) = xtrend(i) + xout(i) + S(i) · r∗(i),
i = 1, . . . , n

Algorithm 3.6. Surrogate data approach.

3.4.1 Normal confidence interval
The bootstrap normal confidence interval, already given in Fig. 3.3,

is

CIθ,1−2α
=

θ + z(α) · seθ∗ ; θ − z(α) · seθ∗

, (3.31)

where z(α) is the percentage point of the normal distribution (Sec-
tion 3.9).

Book, Section 3.9
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3. Bootstrap Confidence Intervals
3.4 Bootstrap confidence intervals

Student’s t confidence interval

tν(α) Percentage point of Student’s t-distribution
   with ν degrees of freedom (ν = n – number of parameters)
  Takes into account that not only standard error,
   but also fit value estimated.
  Negligible difference to normal CI if ν above ~ 30

88 3 Bootstrap Confidence Intervals

3.4.2 Student’s t confidence interval
The bootstrap Student’s t confidence interval is

CIθ,1−2α
=

θ + tν(α) · seθ∗ ; θ − tν(α) · seθ∗

, (3.32)

where tν(α) is the percentage point of the t distribution function with
ν degrees of freedom (Section 3.9). It is in practice presumably always
more accurate to prefer, as this book does, Student’s t CIs over normal
CIs because they recognize the reduction of degrees of freedom. (For
data sizes above, say, 30, the difference becomes negligible.)

3.4.3 Percentile confidence interval
The bootstrap percentile confidence interval is

CIθ,1−2α
=

θ∗(α); θ∗(1− α)

, (3.33)

that means, it is the interval between the 100αth percentage point
and the 100(1 − α)th percentage point of the empirical distribution ofθ∗b

B
b=1

. Because of finite B, “simulation noise” is introduced in esti-
mating percentile based CIs. B = 1999 sufficiently reduces this effect,
see the introduction to this section. One takes this value instead of 2000
because then commonly used percentage points can be evaluated with-
out interpolation (e.g., 95th percentage point = 0.95 · (1999 + 1)th =
1900th largest replication value).

3.4.4 BCa confidence interval
The bootstrap bias-corrected and accelerated (BCa) confidence inter-

val is
CIθ,1−2α

=
θ∗(α1); θ∗(α2)


, (3.34)

where

α1 = F


z0 +

z0 + z(α)
1− a [z0 + z(α)]


(3.35)

and

α2 = F


z0 +

z0 + z(1− α)
1− a [z0 + z(1− α)]


. (3.36)
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3. Bootstrap Confidence Intervals
3.4 Bootstrap confidence intervals

{t(i), x(i)}i=1        θ n ^ Sample,
estimate

{t*1(i), x*1(i)}i=1
n {t*2(i), x*2(i)}i=1

n {t*B(i), x*B(i)}i=1
n Resamples

Confidence
interval

θ*1 ^   Replicationsθ*2 ^   θ*B ^   

CIθ,1–2α^

Book, Fig. 3.3
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3. Bootstrap Confidence Intervals
3.4 Bootstrap confidence intervals

Construction of equi-tailed percentile CIs

1 θ, {θ*b}b = 1
B^^

θ θ̂

       5%      90%        5%2 Percentile CI
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3. Bootstrap Confidence Intervals
3.4 Bootstrap confidence intervals

Construction of equi-tailed percentile CIs

1 θ, {θ*b}b = 1
B^^

θ θ̂

       5%      90%        5%2 Percentile CI

3 θ, med{θ*b}b = 1
^ ^

4 Bias correction

med
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3. Bootstrap Confidence Intervals
3.6 Bootstrap hypothesis tests

Statistical inference
 Estimating parameter θ
 Testing hypothesis (true/false)
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3. Bootstrap Confidence Intervals
3.6 Bootstrap hypothesis tests

H0  Null hypothesis
H1  Alternative hypothesis (H0 and H1 mutually exclusive)
U, u Test statistic
   Our choice, a guide to help us decide (H0 or H1)
F0(u) Distribution function of U “under H0“

P  P-value (one-sided)     P-value (two-sided)

If P is small, then we reject H0 and accept H1.

92 3 Bootstrap Confidence Intervals

ful tool in such a situation. Hypothesis tests are also called significance
tests or statistical tests.

A hypothesis test involves the following procedure. A null hypothesis
(or short: null), H0, is formulated. H0 is tested against an alterna-
tive hypothesis, H1. The hypotheses H0 and H1 are mutually exclu-
sive. H0 is a simple null hypothesis if it completely specifies the data
generating process. An example would be “X(i) is a Gaussian white-
noise process with zero mean and unit standard deviation.” H0 is a
composite null hypothesis if some parameter of X(i) is unspecified, for
example, “Gaussian white-noise process with zero mean.” Next, a test
statistic, U , is calculated. Any meaningful construction lets U be a
function of the data process, U = g ({T (i), X(i)}n

i=1). On the sample
level, u = g ({t(i), x(i)}n

i=1). In the example H0: “Gaussian white-noise
process with µ = 0” one could take U = X̄ =

n
i=1 X(i)/n, the sam-

ple mean. U is a random variable with a distribution function, F0(u),
where the index “0” indicates that U is computed “under H0,” that is,
as if H0 were true. F0(u) is the null distribution. In the example, F0(u)
would be Student’s t distribution function (Section 3.9). If in the ex-
ample the alternative were H1: “µ > 0,” then a large, positive u value
would speak against H0 and for H1. Using F0(u) and plugging in the
data {t(i), x(i)}n

i=1, the one-sided significance probability or one-sided
P -value results as

P = prob (U ≥ u |H0)
= 1− F0(u). (3.39)

The P -value is the probability that under H0 a value of the test statistic
greater than or equal to the observed value, u, is observed. If P is small,
then H0 is rejected and H1 accepted, otherwise H0 is accepted and H1

rejected. The two-sided P -value is

P = prob (|U | ≥ |u| |H0) . (3.40)

In the example, a two-sided test would be indicated for H1: “Gaussian
white-noise with µ = 0.” Besides the P -value, a second result of a
statistical test is the power. In the one-sided test example:

power = prob (U ≥ u |H1) . (3.41)

A type-2 error is accepting H0, although it is a false statement and H1

is true. The probability of a type-2 error is β = 1 − power. A type-1
error is rejecting H0 against H1, although H0 is true. P , the significance
probability, is therefore denoted also as type-1-error probability or false-
alarm probability; u is denoted also as false-alarm level.
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Book, Eqs. (3.39), (3.40)
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3. Bootstrap Confidence Intervals
3.6 Bootstrap hypothesis tests

H0  Null hypothesis (“Gaussian white noise process, mean μ = 0”)
H1  Alternative hypothesis (H0 and H1 mutually exclusive) (“μ ≠ 0”)
U, u Test statistic (sample mean, U = ΣX(i)/n, u = Σx(i)/n)
   Our choice, a guide to help us decide (H0 or H1)
F0(u) Distribution function of U “under H0“ (Student’s t-distribution)

P  P-value (one-sided)     P-value (two-sided)

If P is small, then we reject H0 and accept H1.
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Real world
 Complex processes (distributional shape, persistence, spacing)
 Complex constructions of test statistic u (e.g., fingerprint test)
 F0(u) cannot be derived analytically

Bootstrap
 Real world
 Method to approximate F0(u)

3. Bootstrap Confidence Intervals
3.6 Bootstrap hypothesis tests

Book, Section 3.6; Hasselmann (1993), Hegerl et al. (1996), Lehmann and Romano (2005)
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Give P-values (do not just state whether e.g. P < 0.01).

A tested hypothesis should be realistic, not a “straw man”!

A confidence interval contains more quantitative information than
a hypothesis test result.

3. Bootstrap Confidence Intervals
3.6 Bootstrap hypothesis tests

Book, Section 3.6
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4. Regression I

4.1 Linear regression
4.2 Nonlinear regression
4.3
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4. Regression I

Climate equation, stochastic process X(i)

Time series

Time series analysis uses sample to learn about process:
trend parameters, probability of extremes, cycles, etc.

Ignore Xout(i),
focus on Xtrend(i) and also S(i).

4 1 Introduction

assumption like others in the business: three-dimensional space, time
arrow and causality, mathematical axioms (Kant 1781; Polanyi 1958;
Kandel 2006). The book also follows the optimistic path of Popper
(1935): small and accurately known ranges of uncertainty about the
climate system enable more precise climate hypotheses to be tested,
leading to enhanced knowledge and scientific progress. Also if one shares
Kuhn’s (1970) view, paradigm shifts in climatology have better success
chances if they are substantiated by more accurate knowledge. It is the
aim of this book to provide methods for obtaining accurate information
from complex time series data.

Climate evolves in time, and a stochastic process (a time-dependent
random variable representing a climate variable with not exactly known
value) and time series (the observed or sampled process) are central to
statistical climate analysis. We shall use a wide definition of trend and
decompose a stochastic process, X, as follows:

X(T ) = Xtrend(T ) + Xout(T ) + S(T ) · Xnoise(T ), (1.1)

where T is continuous time, Xtrend(T ) is the trend process, Xout(T ) is
the outlier process, S(T ) is a variability function scaling Xnoise(T ), the
noise process. The trend is seen to include all systematic or determi-
nistic, long-term processes such as a linear increase, a step change or a
seasonal signal. The trend is described by parameters, for example, the
rate of an increase. Outliers are events with an extremely large absolute
value and are usually rare. The noise process is assumed to be weakly
stationary with zero mean and autocorrelation. Giving Xnoise(T ) stan-
dard deviation unity enables introduction of S(T ) to honour climate’s
definition as not only the mean but also the variability of the state of
the atmosphere and other compartments (Brückner 1890; Hann 1901;
Köppen 1923). A version of Eq. (1.1) is written for discrete time, T (i),
as

X(i) = Xtrend(i) + Xout(i) + S(i) · Xnoise(i), (1.2)

using the abbreviation X(i) ≡ X(T (i)), etc. However, for unevenly
spaced T (i) this is a problematic step because of a possibly non-unique
relation between Xnoise(T ) and Xnoise(i), see Section 2.1.2.1. The ob-
served, discrete time series from process X(i) is the set of size n of paired
values t(i) and x(i), compactly written as {t(i), x(i)}n

i=1. To restate, the
aim of this book is to provide methods for obtaining quantitative esti-
mates of parameters of Xtrend(T ), Xout(T ), S(T ) and Xnoise(T ) using
the observed time series data {t(i), x(i)}n

i=1.
A problem in climate analysis is that the observation process super-

imposes on the climatic process. Xnoise(T ) may show not only climatic
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4. Regression I

Xtrend(i)

Parametric trend model
 Linear
 Nonlinear
Nonparametric trend model
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4. Regression I
4.1 Linear regression

Linear trend model

Estimation
 Weighted least squares (WLS)

114 4 Regression I

analyse the relation in bivariate time series, between one time-dependent
climate variable, X(T ), and another, Y (T ).

4.1 Linear regression
The linear regression uses a straight-line model,

Xtrend(T ) = β0 + β1T. (4.2)

The climate equation without outlier component is then written in dis-
crete time as a linear regression equation,

X(i) = β0 + β1T (i) + S(i) ·Xnoise(i). (4.3)

T is called the predictor or regressor variable, X the response variable,
β0 and β1 the regression parameters.

4.1.1 Weighted least-squares and ordinary
least-squares estimation

In a simple, theoretical setting, where the variability S(i) is known
and Xnoise(i) has no serial dependence, the linear regression model can be
fitted to data {t(i), x(i)}n

i=1 by minimizing the weighted sum of squares,

SSQW (β0, β1) =
n

i=1

[x(i)− β0 − β1t(i)]
2 S(i)2 , (4.4)

yielding the weighted least-squares (WLS) estimators

β0 =


n

i=1

x(i)/S(i)2 − β1

n
i=1

t(i)/S(i)2


W, (4.5)

β1 =


n

i=1

t(i)/S(i)2


n
i=1

x(i)/S(i)2


W −
n

i=1

t(i)x(i)/S(i)2


×






n

i=1

t(i)/S(i)2
2

W −
n

i=1

t(i)2/S(i)2





−1

, (4.6)

where

W =
n

i=1

1/S(i)2. (4.7)
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4. Regression I
4.1 Linear regression
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4. Regression I
4.1 Linear regression

Linear trend model

Estimation
 Ordinary least squares (OLS)
  S(i) = S = const. (known or unknown)
  no weighting, even easier to calculate than WLS
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4.1 Linear regression
The linear regression uses a straight-line model,

Xtrend(T ) = β0 + β1T. (4.2)

The climate equation without outlier component is then written in dis-
crete time as a linear regression equation,

X(i) = β0 + β1T (i) + S(i) ·Xnoise(i). (4.3)

T is called the predictor or regressor variable, X the response variable,
β0 and β1 the regression parameters.

4.1.1 Weighted least-squares and ordinary
least-squares estimation

In a simple, theoretical setting, where the variability S(i) is known
and Xnoise(i) has no serial dependence, the linear regression model can be
fitted to data {t(i), x(i)}n

i=1 by minimizing the weighted sum of squares,

SSQW (β0, β1) =
n

i=1

[x(i)− β0 − β1t(i)]
2 S(i)2 , (4.4)

yielding the weighted least-squares (WLS) estimators
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Figure 4.1. Linear regression models fitted to modelled Arctic river runoff (Fig. 1.9).
a Natural forcing only; b combined anthropogenic and natural forcing. Following
Wu et al. (2005), the fits (solid lines) were obtained by OLS regression using the
data from (a) the whole interval 1900–1996 and (b) from two intervals, 1936–2001
and 1965–2001. The estimated regression parameters (Eqs. 4.5 and 4.6) and their

standard errors (Eqs. 4.24 and 4.25) are as follows. a β0 = 3068 ± 694 km3a−1, β1 =
0.102 ± 0.356 km3a−2; b 1936–2001, β0 = −2210 ± 1375 km3a−1, β1 = 2.807 ± 0.698
km3a−2; b 1965–2001, β0 = −13,977 ± 3226 km3a−1, β1 = 8.734 ± 1.627 km3a−2.

4.1.2 Generalized least-squares estimation
In a practical climatological setting, Xnoise(i) often exhibits persis-

tence. This means more structure or information content than a purely
random process has. This knowledge can be used to apply the general-
ized least-squares (GLS) estimation, where the following sum of squares
is minimized:

SSQG(β) = (x−Tβ)V−1 (x−Tβ) . (4.9)

Herein,

β =

β0

β1


(parameter vector), (4.10)

                Example (OLS)

a β0 = 3068 km3a–1, β1 = 0.102 km3a–2^^
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least-squares estimation

In a simple, theoretical setting, where the variability S(i) is known
and Xnoise(i) has no serial dependence, the linear regression model can be
fitted to data {t(i), x(i)}n

i=1 by minimizing the weighted sum of squares,

SSQW (β0, β1) =
n

i=1

[x(i)− β0 − β1t(i)]
2 S(i)2 , (4.4)

yielding the weighted least-squares (WLS) estimators

β0 =


n

i=1

x(i)/S(i)2 − β1

n
i=1

t(i)/S(i)2


W, (4.5)

β1 =


n

i=1

t(i)/S(i)2


n
i=1

x(i)/S(i)2


W −
n

i=1

t(i)x(i)/S(i)2


×






n

i=1

t(i)/S(i)2
2

W −
n

i=1

t(i)2/S(i)2





−1

, (4.6)

where

W =
n

i=1

1/S(i)2. (4.7)

©
 C

lim
at

e 
R

is
k 

A
n

al
ys

is68



4. Regression I
4.1 Linear regression

116 4 Regression I

1900 1950 2000
Year

3000

3500

R
un

of
f (

km
3 a

–1
)

3000

3500

R
un

of
f (

km
3 a

–1
) a

b

Figure 4.1. Linear regression models fitted to modelled Arctic river runoff (Fig. 1.9).
a Natural forcing only; b combined anthropogenic and natural forcing. Following
Wu et al. (2005), the fits (solid lines) were obtained by OLS regression using the
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and 1965–2001. The estimated regression parameters (Eqs. 4.5 and 4.6) and their

standard errors (Eqs. 4.24 and 4.25) are as follows. a β0 = 3068 ± 694 km3a−1, β1 =
0.102 ± 0.356 km3a−2; b 1936–2001, β0 = −2210 ± 1375 km3a−1, β1 = 2.807 ± 0.698
km3a−2; b 1965–2001, β0 = −13,977 ± 3226 km3a−1, β1 = 8.734 ± 1.627 km3a−2.

4.1.2 Generalized least-squares estimation
In a practical climatological setting, Xnoise(i) often exhibits persis-

tence. This means more structure or information content than a purely
random process has. This knowledge can be used to apply the general-
ized least-squares (GLS) estimation, where the following sum of squares
is minimized:

SSQG(β) = (x−Tβ)V−1 (x−Tβ) . (4.9)

Herein,

β =

β0

β1


(parameter vector), (4.10)
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x =




x(1)
...

x(n)


 (data vector), (4.11)

T =



1 t(1)
...

...
1 t(n)


 (time matrix) (4.12)

and V is an n × n matrix, the covariance matrix. The solution is the
GLS estimator,

β =
�
TV−1T

−1 TV−1x. (4.13)

GLS has the advantage of providing smaller standard errors of regression
estimators than WLS in the presence of persistence. Analogously, in the
case of time-dependent S(i), the WLS estimation is preferable (Sen and
Srivastava 1990) to OLS estimation. The covariance matrix has the
elements

V (i1, i2) = S(i1) · S(i2) · E [Xnoise(i1) ·Xnoise(i2)] , (4.14)

i1, i2 = 1, . . . , n. Climatological practice normally requires to estimate
besides the variability also the persistence (Chapter 2) to obtain the V
matrix. In the case of the AR(1) persistence model for uneven spacing
(Eq. 2.9), the only unknown besides S(i) required for calculating V is
the persistence time, τ . The estimated V matrix has then the elements

V (i1, i2) = S(i1) · S(i2) · exp

−|t(i1)− t(i2)|/τ 


, (4.15)

i1, i2 = 1, . . . , n, where τ  is the estimated, bias-corrected persistence
time (Section 2.6). For even spacing, replace the exponential expression
by (a)|i1−i2|. (In the case of persistence models more complex than
AR(1), V is calculable and, hence, GLS applicable only for evenly spaced
time series.) The autocorrelation or persistence time estimation formulas
(Eqs. 2.4 and 2.11) are applied to the weighted WLS regression residuals,

r(i) =

x(i)− β0 − β1t(i)

 S(i), (4.16)

i = 1, . . . , n. Detrending by a linear regression is not the same as mean
subtraction, and the bias of those autocorrelation and persistence time
estimators need not follow the approximations given for mean subtrac-
tion (Section 2.6), but are unknown. However, the deviations are likely
negligible compared with the other uncertainties. Also in the case of un-
known persistence, an iterative procedure similar to that for WLS can
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Covariance matrix elements

Covariance matrix elements
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 bias-corrected persistence time
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Regression residuals, unweighted
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Assume
 1. Noise has Gaussian shape
 2. Covariance matrix known (or correctly estimated)
 3. Linear regression model suitable

Then

 Classical CI (j = 0, intercept; j = 1, slope)
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4.1.4 Classical confidence intervals
Assume that for a data set {t(i), x(i)}ni=1 the following assumptions

hold:

1. Xnoise(i) is of Gaussian shape;

2. the covariance matrix V (Eq. 4.14), containing persistence and vari-
ability properties, is correctly estimated;

3. the linear model (Eq. 4.3) is correct.

Then CIs for the GLS estimators β0 and β1 of Eq. (4.13) can be con-
structed from their Student’s t distributions (Sen and Srivastava 1990):

CIβj ,1−2α
=

βj + tn−2(α) · seβj
; βj + tn−2(1− α) · seβj


, (4.20)

j = 0 (intercept) and 1 (slope). The standard errors of the estimators
are (Sen and Srivastava 1990)

seβj
= [C(j, j)]1/2 , (4.21)

j = 0, 1, where the matrix C is given by

C =
�
TV−1T

−1
. (4.22)

The GLS estimators are under the above assumptions also unbiased (Sen
and Srivastava 1990):

biasβj
= 0, (4.23)

j = 0, 1. The properties of the GLS regression parameter estimators
hold of course also for WLS (a special case of GLS where V is diagonal
with unequal diagonal elements) and OLS (a special case of GLS where
V is diagonal with equal diagonal elements). In the case of OLS, the
standard errors can be written in short explicit form (Montgomery and
Peck 1992):

seβ0 =MS
1/2
E


1/n+

 n
i=1

t(i)/n
2 n

i=1

t(i)2 −
 n
i=1

t(i)
2

n
1/2

,

(4.24)

seβ1 =MS
1/2
E


n
i=1

t(i)2 −
 n
i=1

t(i)
2

n

−1/2

. (4.25)
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n
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 n
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n
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. (4.25)
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structed from their Student’s t distributions (Sen and Srivastava 1990):

CIβj ,1−2α
=

βj + tn−2(α) · seβj
; βj + tn−2(1− α) · seβj


, (4.20)

j = 0 (intercept) and 1 (slope). The standard errors of the estimators
are (Sen and Srivastava 1990)

seβj
= [C(j, j)]1/2 , (4.21)

j = 0, 1, where the matrix C is given by

C =
�
TV−1T

−1
. (4.22)

The GLS estimators are under the above assumptions also unbiased (Sen
and Srivastava 1990):

biasβj
= 0, (4.23)

j = 0, 1. The properties of the GLS regression parameter estimators
hold of course also for WLS (a special case of GLS where V is diagonal
with unequal diagonal elements) and OLS (a special case of GLS where
V is diagonal with equal diagonal elements). In the case of OLS, the
standard errors can be written in short explicit form (Montgomery and
Peck 1992):

seβ0 =MS
1/2
E


1/n+

 n
i=1

t(i)/n
2 n

i=1

t(i)2 −
 n
i=1

t(i)
2

n
1/2

,

(4.24)

seβ1 =MS
1/2
E


n
i=1

t(i)2 −
 n
i=1

t(i)
2

n

−1/2

. (4.25)

Book, Eqs. (4.21), (4.22)
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OLS
 special case of GLS
  zero off-diagonal and equal V diagonal matrix elements
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In a practical setting, S(i) is often not known and has to be replaced
by S(i). If prior knowledge indicates that S(i) is constant, then one
may take as estimator the square root of the residual mean square MSE

(Montgomery and Peck 1992),

S(i) = S =


n

i=1


x(i)− β0 − β1t(i)

2 
(n− 2)

1/2

= MS
1/2
E . (4.8)

If S(i) is unknown and possibly time-dependent, the following itera-
tive estimation algorithm can be applied (Algorithm 4.1). As long as
S(i) is required only for weighting, this produces the correct estimators
also if only the relative changes of S(i), instead of the absolute val-
ues, are estimated. Analogously, if S(i) is required only for weighting
and known to be constant, then Eqs. (4.5) and (4.6) can be used with
S(i) = 1, i = 1, . . . , n and W = n. This estimation without weighting
is called ordinary least squares (OLS). For the construction of classical
CIs (Section 4.1.4), however, an estimate of S(i) has to be available.

Step 1 Make an initial guess, S(0)(i), of the variability.

Step 2 Estimate the regression parameters, β(0)0 and β(0)1 , with the guessed
variability used instead of S(i) in Eqs. (4.5), (4.6) and (4.7).

Step 3 Calculate e(i) = x(i)− β0 − β1t(i), i = 1, . . . , n. The e(i) are called the
unweighted regression residuals.

Step 4 Obtain a new variability estimate, S(1)(i) from the residuals. This can
be done either nonparametrically by smoothing (e.g., running standard
deviation of e(i)) or fitting a parametric model of S(i) to e(i).

Step 5 Go to Step 2 with the new, improved variability estimate until regres-
sion estimates converge.

Algorithm 4.1. Linear weighted least-squares regression, unknown variability.

4.1.1.1 Example: Arctic river runoff
The climate model run with natural forcing only (Fig. 4.1a) does not

exhibit a slope significantly different from zero. (See Section 4.1.4 for
the determination of regression standard errors.) The run with com-
bined anthropogenic and natural forcing (Fig. 4.1b) displays significant
upwards trends in runoff. Wu et al. (2005) conjecture that there might
be a change-point at around 1965, when the slope changed.

MSE, residual mean square

©
 C

lim
at

e 
R

is
k 

A
n

al
ys

is73



4. Regression I
4.1 Linear regression

Conclusion 1
 If we know
  variability S(i)
  persistence
   τ (uneven spacing)
   a (even spacing)
  (that means, covariance matrix V)

 ⇒ Simple calculations, straightforward estimation
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Conclusion 2
 OLS ∈ WLS ∈ GLS
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Real world
 unknown variability S(i)
 unknown persistence
   τ (uneven spacing)
   a (even spacing)
 that means, unknown covariance matrix V

⇒ Iteratively (Prais–Winsten procedure)
⇒ Quick-and-dirty: OLS with effective data size
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Via effective data size, n’μ < n

Insert in Eq. (4.8) n’μ for n
⇒ Larger residual mean square
⇒ Wider classical OLS CI

Caveats
 No re-estimation of persistence parameter
 n’μ applies to mean estimation, not regression
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and known to be constant, then Eqs. (4.5) and (4.6) can be used with
S(i) = 1, i = 1, . . . , n and W = n. This estimation without weighting
is called ordinary least squares (OLS). For the construction of classical
CIs (Section 4.1.4), however, an estimate of S(i) has to be available.

Step 1 Make an initial guess, S(0)(i), of the variability.

Step 2 Estimate the regression parameters, β(0)0 and β(0)1 , with the guessed
variability used instead of S(i) in Eqs. (4.5), (4.6) and (4.7).

Step 3 Calculate e(i) = x(i)− β0 − β1t(i), i = 1, . . . , n. The e(i) are called the
unweighted regression residuals.

Step 4 Obtain a new variability estimate, S(1)(i) from the residuals. This can
be done either nonparametrically by smoothing (e.g., running standard
deviation of e(i)) or fitting a parametric model of S(i) to e(i).

Step 5 Go to Step 2 with the new, improved variability estimate until regres-
sion estimates converge.

Algorithm 4.1. Linear weighted least-squares regression, unknown variability.

4.1.1.1 Example: Arctic river runoff
The climate model run with natural forcing only (Fig. 4.1a) does not

exhibit a slope significantly different from zero. (See Section 4.1.4 for
the determination of regression standard errors.) The run with com-
bined anthropogenic and natural forcing (Fig. 4.1b) displays significant
upwards trends in runoff. Wu et al. (2005) conjecture that there might
be a change-point at around 1965, when the slope changed.

Book, Chapter 2
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Table 4.1. Monte Carlo experiment, linear OLS regression with AR(1) noise of nor-
mal shape, even spacing: CI coverage performance. nsim = 47,500 random samples
were generated from X(i) = 2 + 2T (i) + Xnoise(i), where T (i) = i, i = 1, . . . , n and
the noise is a Gaussian AR(1) process (Eq. 2.1) with a = 1/e ≈ 0.37. Two CI types
for the estimated slope were constructed, classical and bootstrap. Construction of
classical CIs either ignored persistence and calculated via n (Eqs. 4.8, 4.20 and 4.25)
or used nµ (Section 4.1.4.3). The bootstrap CIs used ARB (Algorithm 3.4) or MBB
(Algorithm 3.1) resampling and the BCa method (Section 3.4.4) with B = 1999 and
α = 0.025.

n γaβ1
Nominal

CI type

Classical Bootstrap BCa

V ia n V ia nµ ARB MBB

10 0.851 0.900 0.809 0.718 0.950
20 0.832 0.915 0.875 0.815 0.950
50 0.819 0.932 0.915 0.867 0.950

100 0.817 0.941 0.933 0.895 0.950
200 0.819 0.945 0.941 0.913 0.950
500 0.818 0.947 0.945 0.927 0.950

1000 0.816 0.950 0.950 0.936 0.950

a Standard error of γβ1
is nominally 0.001.

Gaussian shape (Table 4.1). Ignoring persistence leads to underestimat-
ing the MSE and standard errors and yields therefore too narrow CIs
(Table 4.2).

Noise of AR(1) persistence and Gaussian shape is rather easy to han-
dle for the remaining three CI types. In particular, classical CIs via n

µ

and bootstrap BCa CIs with ARB resampling performed well in terms
of coverage accuracy (Table 4.1); the classical CIs did even better than
the bootstrap CIs for small data sizes (less than 100).

Retaining the AR(1) persistence model but going from Gaussian to
lognormal distributional shape diminished only slightly the coverage per-
formance (Table 4.3). Interestingly, the classical CI via n

µ performed
also here excellently already for small data sizes.

Retaining the Gaussian distributional shape but adopting a persis-
tence model more complex than AR(1) had more severe effects on cov-
erage performance than changing the shape. In the case of AR(2) per-
sistence (Table 4.4), the classical CI via n

µ as well as the bootstrap BCa
CI with ARB resampling failed for all data sizes tested. The reason is
that the AR(1) assumption, made for n

µ calculation as well as ARB
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Figure 4.1. Linear regression models fitted to modelled Arctic river runoff (Fig. 1.9).
a Natural forcing only; b combined anthropogenic and natural forcing. Following
Wu et al. (2005), the fits (solid lines) were obtained by OLS regression using the
data from (a) the whole interval 1900–1996 and (b) from two intervals, 1936–2001
and 1965–2001. The estimated regression parameters (Eqs. 4.5 and 4.6) and their

standard errors (Eqs. 4.24 and 4.25) are as follows. a β0 = 3068 ± 694 km3a−1, β1 =
0.102 ± 0.356 km3a−2; b 1936–2001, β0 = −2210 ± 1375 km3a−1, β1 = 2.807 ± 0.698
km3a−2; b 1965–2001, β0 = −13,977 ± 3226 km3a−1, β1 = 8.734 ± 1.627 km3a−2.

4.1.2 Generalized least-squares estimation
In a practical climatological setting, Xnoise(i) often exhibits persis-

tence. This means more structure or information content than a purely
random process has. This knowledge can be used to apply the general-
ized least-squares (GLS) estimation, where the following sum of squares
is minimized:

SSQG(β) = (x−Tβ)V−1 (x−Tβ) . (4.9)

Herein,

β =

β0

β1


(parameter vector), (4.10)

                Example (OLS)

^^
a β0 = 3068 ± 694 km3a–1, β1 = 0.102 ± 0.356 km3a–2 (via n; Wu et al. 2005)
a β0 = 3068 ± 859 km3a–1, β1 = 0.102 ± 0.441 km3a–2  (via n’μ)

^^

©
 C

lim
at

e 
R

is
k 

A
n

al
ys

is79



4. Regression I
4.2 Nonlinear regression

Parabolic trend model: not really nonlinear (i.e, in parameters)

Saturation trend function: nonlinear

4.2 Nonlinear regression 141

4.2 Nonlinear regression
The trend model Xtrend(i) is in climatology often more complex than

a linear function. The suitability of a model is related to the time span
analysed, and extending the span may require to adopt more complex
models. Simple extensions are a parabola,

X(i) = β0 + β1T (i) + β2T (i)2 + S(i) ·Xnoise(i), (4.37)

with three parameters to be estimated, or a polynomial of general order.
Because T (i)2 can be viewed as a second regressor variable, the parabolic
model, and the polynomial in general, can be solved using multivariate
linear regression (von Storch and Zwiers 1999). Nonlinear regression
models are nonlinear in the parameters. A simple example of a “real”
nonlinear model is given by the exponential saturation function,

X(i) = β0 {1− exp [−β1T (i)]}+ S(i) ·Xnoise(i). (4.38)

Sometimes it is possible to transform the regressor in a way that a linear
model results (von Storch and Zwiers 1999: Section 8.6.2 therein). How-
ever, this may be at the cost of the simplicity of the noise process, which
is also transformed (Section 2.6). Owing to the parsimonious preference
of the AR(1) noise model, it may in climatological practice be advisable
to ignore transformations and carry out a nonlinear regression estima-
tion.

The major difference to linear regression is that estimating nonlin-
ear models normally requires elaborated numerical techniques because
exact formulas, such as those for the OLS, WLS or GLS estimators (Sec-
tion 4.1), do not often exist. Various fit criteria may be adopted, such
as robustness or maximum likelihood.

The least-squares criterion leads to searching the point β in the pa-
rameter space where SSQG(β) (under GLS) has a minimum. One usu-
ally makes an initial guess, β(0), calculates the sum of squares and its
gradient and finds the next point, β(1), by going a step of defined size
into the negative gradient direction. Gradient and step-size values are
updated and the procedure repeated until stopping rules inform that the
solution is sufficiently close to a minimum.

Classical CIs for estimated parameters of a nonlinear regression can
be constructed using the gradient at the solution point β. Making some
“regularity assumptions” (Seber and Wild 1989: Chapter 12 therein),
the distribution of β can be shown as asymptotically (for n → ∞)
normal, which enables CI construction and hypothesis tests. Because
already the linear model (Section 4.1) applied to realistic climate time
series (non-Gaussian shape, persistence, timescale errors) led to a ten-
tative preference of bootstrap CIs, the additional assumptions and the
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High-dimensional parameter space (β)

Estimation
 Search for minimum of
 SSQG(β)

Often no exact solution,
but numerical techniques
 (1) Guess starting values.
 (2) Go step (of defined size) into negative gradient direction.
 (3) If changes small: exit, otherwise go back to (1).

ß0

ß1

ß2 ß3

(ß0, ß1, ß2, ß3, …)
^   ^   ^   ^
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Trend-change model: break

Book, Fig. 4.11

150 4 Regression I

4.2.2 Trend-change model: break
The break regression model (Fig. 4.11), written in continuous time as

Xbreak(T ) =





x1 + (T − t1)(x2− x1)/(t2− t1) for T ≤ t2,

x2 + (T − t2)(x3− x2)/(t3− t2) for T > t2,
(4.47)

has four free parameters: x1, t2, x2 and x3. An alternative formulation
would comprise the four parameters t2, x2, β1 = (x2 − x1)/(t2 − t1)
and β2 = (x3− x2)/(t3− t2). Also the break is a simple mathematical
model. It can be useful for describing a change in linear trend at one
point (t2, x2), from slope β1 to β2.

Time, T

Climate
trend, Xtrend

t2

x1

x3

(t1) (t3)

x2

Figure 4.11. The break regression model. It has four free parameters: x1, t2, x2 and
x3. (Parameter t1 is constrained as left, t3 as right bound of the time interval.)

4.2.2.1 Estimation
Assume known variability S(i) and time series data {t(i), x(i)}n

i=1.
The break model can then be fitted by minimizing the weighted least-
squares sum,

SSQW (x1, t2, x2, x3) =
n

i=1

[x(i)− xbreak(i)]
2 

S(i)2 , (4.48)

where xbreak(i) is the discrete-time, sample version of Xbreak(T ) (Eq.
4.47).

Because we assume that the break is a suitable description over the
whole record length, t1 and t3 are constrained (Fig. 4.11) and only
one time point, namely t2 = t(i2) with 1 ≤ i2 ≤ n, needs to be
considered as candidate for t2. Then the minimizers x1, x2 and x3 of
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4.2 Nonlinear regression

Trend-change model: break

Estimation (WLS combined with brute-force search for t2)

Book, Fig. 4.11

150 4 Regression I
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4.2.2.1 Estimation
Assume known variability S(i) and time series data {t(i), x(i)}n

i=1.
The break model can then be fitted by minimizing the weighted least-
squares sum,

SSQW (x1, t2, x2, x3) =
n

i=1

[x(i)− xbreak(i)]
2 

S(i)2 , (4.48)

where xbreak(i) is the discrete-time, sample version of Xbreak(T ) (Eq.
4.47).

Because we assume that the break is a suitable description over the
whole record length, t1 and t3 are constrained (Fig. 4.11) and only
one time point, namely t2 = t(i2) with 1 ≤ i2 ≤ n, needs to be
considered as candidate for t2. Then the minimizers x1, x2 and x3 of
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4.2.2 Trend-change model: break
The break regression model (Fig. 4.11), written in continuous time as

Xbreak(T ) =





x1 + (T − t1)(x2− x1)/(t2− t1) for T ≤ t2,

x2 + (T − t2)(x3− x2)/(t3− t2) for T > t2,
(4.47)

has four free parameters: x1, t2, x2 and x3. An alternative formulation
would comprise the four parameters t2, x2, β1 = (x2 − x1)/(t2 − t1)
and β2 = (x3− x2)/(t3− t2). Also the break is a simple mathematical
model. It can be useful for describing a change in linear trend at one
point (t2, x2), from slope β1 to β2.

Time, T
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trend, Xtrend

t2

x1

x3

(t1) (t3)

x2

Figure 4.11. The break regression model. It has four free parameters: x1, t2, x2 and
x3. (Parameter t1 is constrained as left, t3 as right bound of the time interval.)

4.2.2.1 Estimation
Assume known variability S(i) and time series data {t(i), x(i)}n

i=1.
The break model can then be fitted by minimizing the weighted least-
squares sum,

SSQW (x1, t2, x2, x3) =
n

i=1

[x(i)− xbreak(i)]
2 

S(i)2 , (4.48)

where xbreak(i) is the discrete-time, sample version of Xbreak(T ) (Eq.
4.47).

Because we assume that the break is a suitable description over the
whole record length, t1 and t3 are constrained (Fig. 4.11) and only
one time point, namely t2 = t(i2) with 1 ≤ i2 ≤ n, needs to be
considered as candidate for t2. Then the minimizers x1, x2 and x3 of
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4.2 Nonlinear regression

Break point in Arctic river runoff
t2 = 1973   β1 = –1.8 km3a–2

     β2 = 9.7 km3a–2

Book, Fig. 4.12
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To estimate the change-point in time, t2, a brute-force search over all
candidate points is performed:

t2

= argmin


SSQW

x1, t2, x2, x3


. (4.51)

Computing costs are clearly reduced (by a factor of ∼ n) compared with
estimating the ramp model (Section 4.2.1). The other properties the
break shares: global optimum, “coarse” t2 estimate and applicability of
an iterative procedure when S(i) is unknown.

4.2.2.2 Example: Arctic river runoff (continued)
Application of the break trend-change regression to the modelled

record of Arctic river runoff with combined anthropogenic and natu-
ral forcing reveals a change-point at t2 = 1973±6 (Fig. 4.12). This date
is close to the per-eye estimate (Wu et al. 2005) of 1965 (Fig. 4.1b). Be-
fore the change the trend is downwards, however, with large error bars;
after the change it is strongly upwards (Fig. 4.12). The runoff modelled
with natural forcing only, however, exhibits no significant slope changes
of the break fit, which agrees with the result from the linear fit (Fig.
4.1a).
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Figure 4.12. Break change-point regression fitted to modelled Arctic river runoff.
Shown is the simulation with combined anthropogenic and natural forcing (Fig. 1.9b).
For the interval 1936–2001 (n = 66), the break model was fitted using WLS (with S(i)
linearly increasing from 70 to 120 km3a−1 within the fit interval). The break fit (solid
line) has following parameter estimates with bootstrap standard errors (MBB, B =

400): change-point, t2 = 1973 ± 6, x2 = 3238 ± 26 km3a−1; slopes, β1 = −1.8 ± 1.6

km3a−2, β2 = 9.7± 3.6 km3a−2.

4.2.2.3 Bootstrap confidence intervals
The unweighted residuals from an estimated break model are given by

e(i) = x(i)− xbreak(i), i = 1, . . . , n; and the weighted residuals are given
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4.2 Nonlinear regression

Error bars?

Classical formulas do not exist,
gradient not defined

⇒ Bootstrap resampling

Break point in Arctic river runoff
t2 = 1973  β1 = –1.8 km3a–2

    β2 = 9.7 km3a–2
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To estimate the change-point in time, t2, a brute-force search over all
candidate points is performed:

t2

= argmin


SSQW

x1, t2, x2, x3


. (4.51)

Computing costs are clearly reduced (by a factor of ∼ n) compared with
estimating the ramp model (Section 4.2.1). The other properties the
break shares: global optimum, “coarse” t2 estimate and applicability of
an iterative procedure when S(i) is unknown.

4.2.2.2 Example: Arctic river runoff (continued)
Application of the break trend-change regression to the modelled

record of Arctic river runoff with combined anthropogenic and natu-
ral forcing reveals a change-point at t2 = 1973±6 (Fig. 4.12). This date
is close to the per-eye estimate (Wu et al. 2005) of 1965 (Fig. 4.1b). Be-
fore the change the trend is downwards, however, with large error bars;
after the change it is strongly upwards (Fig. 4.12). The runoff modelled
with natural forcing only, however, exhibits no significant slope changes
of the break fit, which agrees with the result from the linear fit (Fig.
4.1a).
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Figure 4.12. Break change-point regression fitted to modelled Arctic river runoff.
Shown is the simulation with combined anthropogenic and natural forcing (Fig. 1.9b).
For the interval 1936–2001 (n = 66), the break model was fitted using WLS (with S(i)
linearly increasing from 70 to 120 km3a−1 within the fit interval). The break fit (solid
line) has following parameter estimates with bootstrap standard errors (MBB, B =

400): change-point, t2 = 1973 ± 6, x2 = 3238 ± 26 km3a−1; slopes, β1 = −1.8 ± 1.6

km3a−2, β2 = 9.7± 3.6 km3a−2.

4.2.2.3 Bootstrap confidence intervals
The unweighted residuals from an estimated break model are given by

e(i) = x(i)− xbreak(i), i = 1, . . . , n; and the weighted residuals are given
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4.2 Nonlinear regression

Unweighted residuals

Weighted residuals

146 4 Regression I

4.2.1.3 Bootstrap confidence intervals
The unweighted residuals from an estimated ramp regression are given

by
e(i) = x(i)− xramp(i), i = 1, . . . , n, (4.45)

where xramp(i) is the discrete-time, sample version of Xramp(T ) (Eq.
4.39), with estimates (t1, x1, t2, x2) plugged in for (t1, x1, t2, x2). The
e(i) can be used to detect heteroscedasticity and assess the quality of
the fit of the variability, S(i). The weighted residuals from an estimated
ramp are given by

r(i) = e(i)
S(i) , i = 1, . . . , n. (4.46)

The r(i) are useful for studying model suitability of the ramp (graphi-
cally and arithmetically). They serve also for quantifying the persistence
properties of the noise (e.g., autocorrelation estimation for an AR(1) pro-
cess), which in turn are required for determining the bootstrap CIs (e.g.,
block length selection for the MBB).

The Monte Carlo experiment (Table 4.13) shows that accurate CIs for
ramp parameters can be obtained when the sample size is suffiently large
(above, say, 500). An interesting alternative to considering the change-
points in time (t1, t2) may be analysing the parameters midpoint (given
by (t1 + t2)/2), which performed better for smaller sample sizes in the
experiment, or duration (t2− t1).

4.2.1.4 Example: onset of Dansgaard–Oeschger event 5
The onset of D–O event 5, a warming, was observed via the variables

Ca content, dust content, electrical conductivity and Na content in the
NGRIP ice core (Fig. 1.5). This climate transition can be excellently fit-
ted by the ramp model (Fig. 4.7). The regression residuals, r(i), exhibit
somewhat right-skewed distributions with a few outliers (Fig. 1.11e–h)
as well as persistence (Fig. 1.12e–h). Longer-term systematic deviations
from the ramp form seem to be absent.

Answering the first question, after the synchroneity of the D–O 5
onset, Fig. 4.8 reveals that CIs of the observed change-points for all
four variables do overlap. The hypothesis of synchroneity cannot be re-
jected. Bootstrap resampling (ARB) for CI construction did not employ
timescale simulations because the four variables, measured on the same
material, have identical timescales.

For answering the second question, how long the D–O 5 warming
took, however, timescale uncertainties have to be taken into account (by
timescale-ARB resampling) because in this context “absolute” values are
sought. The covariation of sedimentation rate and δ18O variations in the
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To estimate the change-point in time, t2, a brute-force search over all
candidate points is performed:

t2

= argmin


SSQW

x1, t2, x2, x3


. (4.51)

Computing costs are clearly reduced (by a factor of ∼ n) compared with
estimating the ramp model (Section 4.2.1). The other properties the
break shares: global optimum, “coarse” t2 estimate and applicability of
an iterative procedure when S(i) is unknown.

4.2.2.2 Example: Arctic river runoff (continued)
Application of the break trend-change regression to the modelled

record of Arctic river runoff with combined anthropogenic and natu-
ral forcing reveals a change-point at t2 = 1973±6 (Fig. 4.12). This date
is close to the per-eye estimate (Wu et al. 2005) of 1965 (Fig. 4.1b). Be-
fore the change the trend is downwards, however, with large error bars;
after the change it is strongly upwards (Fig. 4.12). The runoff modelled
with natural forcing only, however, exhibits no significant slope changes
of the break fit, which agrees with the result from the linear fit (Fig.
4.1a).

1920 1940 1960 1980 2000
Year

3000

3500

R
un

of
f (

km
3 a

–1
)

Figure 4.12. Break change-point regression fitted to modelled Arctic river runoff.
Shown is the simulation with combined anthropogenic and natural forcing (Fig. 1.9b).
For the interval 1936–2001 (n = 66), the break model was fitted using WLS (with S(i)
linearly increasing from 70 to 120 km3a−1 within the fit interval). The break fit (solid
line) has following parameter estimates with bootstrap standard errors (MBB, B =

400): change-point, t2 = 1973 ± 6, x2 = 3238 ± 26 km3a−1; slopes, β1 = −1.8 ± 1.6

km3a−2, β2 = 9.7± 3.6 km3a−2.

4.2.2.3 Bootstrap confidence intervals
The unweighted residuals from an estimated break model are given by

e(i) = x(i)− xbreak(i), i = 1, . . . , n; and the weighted residuals are given
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4.2 Nonlinear regression

Bootstrap error bars
 Take fit curve
 Add blocks of residuals
 Re-estimate: replication
 Repeat many times
 Calculate standard deviation (replications)
 3.3 Bootstrap resampling 79

Block 1

Block 2 Block n–l+1

x(1) x(2) x(l ) x(l+1) x(n)x(n–l+1)

Step 1 Data {t(i), x(i)}ni=1

Step 2 Resampled times unchanged {t∗(i)}ni=1 = {t(i)}
n
i=1

Step 3 Blocks j (see above) {x(i)}j+l−1
i=j , j = 1, . . . , n− l + 1

Step 4 Set counter c = 1

Start resampling

Step 5 Draw random block j∗ j∗ ∈ {1, . . . , n− l + 1}

Step 6 Insert block data {x∗(i)}c+l−1
i=c = {x(i)}j

∗+l−1
i=j∗

If x∗(n) has been inserted Stop inserting and exit

Step 7 Increase counter c → c + l

Step 8 Go to Step 5

End resampling

Algorithm 3.1. Moving block bootstrap algorithm (MBB). Note: An equation like
{t∗(i)}ni=1 = {t(i)}

n
i=1 is used to denote t∗(i) = t(i), i = 1, . . . , n.

means of Monte Carlo simulations of real-world conditions, as is done in
subsequent parts of this book.

Bühlmann and Künsch (1999) presented a fully data-driven block
length selector (Algorithm 3.2). They showed the equivalence of lopt

selection and smoothing in spectral estimation (Chapter 5).
Berkowitz and Kilian (2000) presented a brute-force block length se-

lector:

1 Approximate the data generating process by a parametric model (e.g.,
ARMA).

2 Generate Monte Carlo samples from this fitted model.

{t(i), x(i)}i=1        θ n ^ Sample,
estimate

{t*1(i), x*1(i)}i=1
n {t*2(i), x*2(i)}i=1

n {t*B(i), x*B(i)}i=1
n Resamples

Confidence
interval

θ*1 ^   Replicationsθ*2 ^   θ*B ^   

CIθ,1–2α^

Book, Algorithm 3.1, Fig. 3.3, Section 4.2.2.3
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To estimate the change-point in time, t2, a brute-force search over all
candidate points is performed:

t2

= argmin


SSQW

x1, t2, x2, x3


. (4.51)

Computing costs are clearly reduced (by a factor of ∼ n) compared with
estimating the ramp model (Section 4.2.1). The other properties the
break shares: global optimum, “coarse” t2 estimate and applicability of
an iterative procedure when S(i) is unknown.

4.2.2.2 Example: Arctic river runoff (continued)
Application of the break trend-change regression to the modelled

record of Arctic river runoff with combined anthropogenic and natu-
ral forcing reveals a change-point at t2 = 1973±6 (Fig. 4.12). This date
is close to the per-eye estimate (Wu et al. 2005) of 1965 (Fig. 4.1b). Be-
fore the change the trend is downwards, however, with large error bars;
after the change it is strongly upwards (Fig. 4.12). The runoff modelled
with natural forcing only, however, exhibits no significant slope changes
of the break fit, which agrees with the result from the linear fit (Fig.
4.1a).
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Figure 4.12. Break change-point regression fitted to modelled Arctic river runoff.
Shown is the simulation with combined anthropogenic and natural forcing (Fig. 1.9b).
For the interval 1936–2001 (n = 66), the break model was fitted using WLS (with S(i)
linearly increasing from 70 to 120 km3a−1 within the fit interval). The break fit (solid
line) has following parameter estimates with bootstrap standard errors (MBB, B =

400): change-point, t2 = 1973 ± 6, x2 = 3238 ± 26 km3a−1; slopes, β1 = −1.8 ± 1.6

km3a−2, β2 = 9.7± 3.6 km3a−2.

4.2.2.3 Bootstrap confidence intervals
The unweighted residuals from an estimated break model are given by

e(i) = x(i)− xbreak(i), i = 1, . . . , n; and the weighted residuals are given
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4. Regression I
4.2 Nonlinear regression

Break point in Arctic river runoff
t2 = 1973 ± 6  β1 = –1.8 ± 1.6 km3a–2

     β2 = 9.7 ± 3.6 km3a–2

Book, Fig. 4.12; bootstrap error bars: MBB, B = 400
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To estimate the change-point in time, t2, a brute-force search over all
candidate points is performed:

t2

= argmin


SSQW

x1, t2, x2, x3


. (4.51)

Computing costs are clearly reduced (by a factor of ∼ n) compared with
estimating the ramp model (Section 4.2.1). The other properties the
break shares: global optimum, “coarse” t2 estimate and applicability of
an iterative procedure when S(i) is unknown.

4.2.2.2 Example: Arctic river runoff (continued)
Application of the break trend-change regression to the modelled

record of Arctic river runoff with combined anthropogenic and natu-
ral forcing reveals a change-point at t2 = 1973±6 (Fig. 4.12). This date
is close to the per-eye estimate (Wu et al. 2005) of 1965 (Fig. 4.1b). Be-
fore the change the trend is downwards, however, with large error bars;
after the change it is strongly upwards (Fig. 4.12). The runoff modelled
with natural forcing only, however, exhibits no significant slope changes
of the break fit, which agrees with the result from the linear fit (Fig.
4.1a).
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Figure 4.12. Break change-point regression fitted to modelled Arctic river runoff.
Shown is the simulation with combined anthropogenic and natural forcing (Fig. 1.9b).
For the interval 1936–2001 (n = 66), the break model was fitted using WLS (with S(i)
linearly increasing from 70 to 120 km3a−1 within the fit interval). The break fit (solid
line) has following parameter estimates with bootstrap standard errors (MBB, B =

400): change-point, t2 = 1973 ± 6, x2 = 3238 ± 26 km3a−1; slopes, β1 = −1.8 ± 1.6

km3a−2, β2 = 9.7± 3.6 km3a−2.

4.2.2.3 Bootstrap confidence intervals
The unweighted residuals from an estimated break model are given by

e(i) = x(i)− xbreak(i), i = 1, . . . , n; and the weighted residuals are given
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4.2 Nonlinear regression—Homework

                  Break regression model

                  Ramp regression model

Technical Summary 

37

TS.3.1.2 Spatial Distribution of Changes in
Temperature, Circulation and Related
Variables

Surface temperatures over land regions have
warmed at a faster rate than over the oceans in both
hemispheres. Longer records now available show
significantly faster rates of warming over land than 
ocean in the past two decades (about 0.27°C vs. 0.13°C
per decade). {3.2}

The warming in the last 30 years is widespread over
the globe, and is greatest at higher northern latitudes.
The greatest warming has occurred in the NH winter (DJF) 
and spring (MAM). Average arctic temperatures have 
been increasing at almost twice the rate of the rest of the 
world in the past 100 years. However, arctic temperatures 
are highly variable. A slightly longer arctic warm period, 
almost as warm as the present, was observed from 1925 
to 1945, but its geographical distribution appears to have 
been different from the recent warming since its extent 
was not global. {3.2}

Figure TS.6. (Top) Patterns of linear global temperature trends over the period 1979 to 2005 estimated at the surface (left), and for the 
troposphere from satellite records (right). Grey indicates areas with incomplete data. (Bottom) Annual global mean temperatures (black 
dots) with linear fits to the data. The left hand axis shows temperature anomalies relative to the 1961 to 1990 average and the right hand 
axis shows estimated actual temperatures, both in °C. Linear trends are shown for the last 25 (yellow), 50 (orange), 100 (magenta) and 
150 years (red). The smooth blue curve shows decadal variations (see Appendix 3.A), with the decadal 90% error range shown as a pale 
blue band about that line. The total temperature increase from the period 1850 to 1899 to the period 2001 to 2005 is 0.76°C ± 0.19°C.
{FAQ 3.1, Figure 1.}

GLOBAL TEMPERATURE TRENDS

Solomon et al. 2007 (p. 37)                                                                                    www.manfredmudelsee.com/soft/BREAKFIT
                     www.manfredmudelsee.com/soft/RAMPFIT
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4.2.2 Trend-change model: break
The break regression model (Fig. 4.11), written in continuous time as

Xbreak(T ) =





x1 + (T − t1)(x2− x1)/(t2− t1) for T ≤ t2,

x2 + (T − t2)(x3− x2)/(t3− t2) for T > t2,
(4.47)

has four free parameters: x1, t2, x2 and x3. An alternative formulation
would comprise the four parameters t2, x2, β1 = (x2 − x1)/(t2 − t1)
and β2 = (x3− x2)/(t3− t2). Also the break is a simple mathematical
model. It can be useful for describing a change in linear trend at one
point (t2, x2), from slope β1 to β2.

Time, T

Climate
trend, Xtrend

t2

x1

x3

(t1) (t3)

x2

Figure 4.11. The break regression model. It has four free parameters: x1, t2, x2 and
x3. (Parameter t1 is constrained as left, t3 as right bound of the time interval.)

4.2.2.1 Estimation
Assume known variability S(i) and time series data {t(i), x(i)}n

i=1.
The break model can then be fitted by minimizing the weighted least-
squares sum,

SSQW (x1, t2, x2, x3) =
n

i=1

[x(i)− xbreak(i)]
2 

S(i)2 , (4.48)

where xbreak(i) is the discrete-time, sample version of Xbreak(T ) (Eq.
4.47).

Because we assume that the break is a suitable description over the
whole record length, t1 and t3 are constrained (Fig. 4.11) and only
one time point, namely t2 = t(i2) with 1 ≤ i2 ≤ n, needs to be
considered as candidate for t2. Then the minimizers x1, x2 and x3 of
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difficulty to assess how far n differs from∞ in terms of CI accuracy, can-
not prevent us from considering only bootstrap CIs for the remainder of
this section. In analogy to linear regression, the bootstrap resampling
algorithms (ARB, MBB, timescale-ARB or timescale-MBB) are applied
to the residuals from the estimated nonlinear regression.

The restriction to bootstrap CIs is further justified by our selection
of two nonlinear models of climatic changes, namely the ramp and the
break model. Both are not differentiable with respect to time, and hence
no gradient and classical CI can be constructed for them.

4.2.1 Climate transition model: ramp
The ramp regression model (Fig. 4.5), written in continuous time as

Xtrend(T ) = Xramp(T ) (4.39)

=




x1 for T ≤ t1,
x1 + (T − t1)(x2− x1)/(t2− t1) for t1 < T ≤ t2,
x2 for T > t2,

has four parameters: start time t1, start level x1, end time t2 and end
level x2. The attributes “start” and “end” mean that we assume without
loss of generality that in Fig. 4.5 time increases from the left to the right.

Time, T

Climate
trend, X trend

t1

x1

x2

t2

Figure 4.5. The ramp regression model. It has four parameters: t1, x1, t2 and x2.

The ramp is the simplest mathematical expression of a (climate) tran-
sition in Xtrend(T ). Consider the questions: When did a transition start?
When did it end? What were the levels before and after the transi-
tion? As soon as we ask those—and this is often the case in climate
sciences—the ramp comes into play. As physical motivation serves a cli-
mate subsystem (described by, e.g., temperature) at equilibrium, which
is disturbed by some external action (e.g., a volcanic eruption) over
a period of time and then attains a new equilibrium state. The non-
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Grenoble, 30 January 2012

Climate Time Series Analysis: Conclusions

(1)

(2) Computational techniques (bootstrap, Monte Carlo) help to obtain
 realistic error bars.

(3) Estimation problems (linear, break, ramp, etc.):
 Be creative!

θ ≠ θ^
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Grenoble, 30 January 2012

Climate Time Series Analysis: Conclusions

(1)

(2) Computational techniques (bootstrap, Monte Carlo) help to obtain
 realistic error bars.

(3) Estimation problems (linear, break, ramp, etc.):
 Be creative!

θ ≠ θ^

Thanks!
Postdoc job: www.climate-risk-analysis.com
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Appendix2. Persistence Models
2.5 Climate theory

Climate, X(T)
Weather, Y(T)

Weather components
“leave a trace” in climate.

Climate does not run away:
negative feedback (~ X)

2.5 Climate theory 45

The dynamical view seems to be challenged by a series of papers claim-
ing a “universal power law” in temperature records. This law indicates
long memory, not short as the AR(1) models suggests. Long memory
of temperature fluctuations over timescales from days to decades should
seriously impact the development of climate theory. It would further
have enormous practical consequences as weather forecasts for intervals
considerably longer than what is currently feasible (a few days) would
become principally possible.

The re-analysis of some crucial data here (Section 2.5.2) makes it hard
to accept the “universal power law.” It should nevertheless be kept in
mind that the AR(1) model need not be a good higher-order description
of X(T ). However, after allowing nonlinear trends and outlier processes
(Eq. 1.2), the AR(1) model is likely not a bad candidate to describe
Xnoise(T ).

2.5.1 Stochastic climate models
The derivation of the AR(1) model of climate persistence is based on

three assumptions.

Assumption 1 is timescale separability. The climate system as a
whole (p. 3) is composed of a slowly varying component (“climate” in
original sense), representing oceans, biosphere and cryosphere, and a
fast varying component (“weather”), representing the atmosphere.

The differential equations governing the climate evolution may then be
written as

dX(T )
dT

= F (X(T ), Y (T )), timescale τX , (2.25)

dY (T )
dT

= G(X(T ), Y (T )), timescale τY , (2.26)

where τX  τY , X and Y are the slowly and fast varying components
(vectors of possibly high dimension), respectively, and F and G are some
nonlinear system operators. τY is of the order of a few days, τX of several
months to years and more (Hasselmann 1976).

It was previously thought that the influence of Y on X, of weather
on climate, could be accounted for by simply averaging,

dX(T )
dT

 F ∗(X(T )), timescale τX , (2.27)

where the modified climate system operator, F ∗, is the time average of
F (X, Y ).

46 2 Persistence Models

Since the work of Hasselmann (1976) it is accepted that the weather
noise cannot so easily be cancelled out. Consider 0 ≤ T ≤ τX . Then

dX(T )
dT

 F (X(0), Y (T )),

= W (T ),
(2.28)

where W is a stochastic (Wiener) process. Discretization yields

X(T + 1) = X(T ) + EN(0, σ2)(T ). (2.29)

Here we have made

Assumption 2. The unknown weather components Y (T ) add up
to yield after the central limit theorem (Priestley 1981: Section 2.14
therein) a Gaussian purely random process EN(0, σ2)(T ).

Now let T > τX . Then the time-dependence of F (X(T ), Y (T )) has to
be taken into account. Since the climate system trajectories have to be
bounded, we must invoke a negative feedback mechanism. The simplest
model for that is given by

Assumption 3. The negative feedback is proportional to the climate
variable, X(T ), yielding F (X(T ), Y (T )) = −β ·X(T ) + W (T ).

Assumption 3 makes Eq. (2.29), which is a nonstationary random walk
process (Section 2.6), to a stationary AR(1) process,

X(T + 1) = a ·X(T ) + EN(0, σ2)(T ), (2.30)

with 0 ≤ a = 1 − β < 1. (Strictly speaking, this is an “asymptotically
stationary” AR(1) process, see background material.) This explanation
of Hasselmann’s (1976) derivation of climate’s AR(1) model is from von
Storch and Zwiers (1999: Section 10.4.3 therein). Another account of the
1976 paper and its influence on climatology is given by Arnold (2001).

The suitability of the AR(1) noise model depends on how well As-
sumptions 1, 2 and 3 are fulfilled. Assumption 1 (timescale separability)
is generally thought to be well fulfilled. The root cause is that the
atmosphere has a much smaller density and heat capacity than most
of the rest of the climate system, allowing weather processes to run
faster. One caveat may be that some climatically relevant biological
processes, such as algae growth (Lovelock and Kump 1994), may act
also on short timescales. The validity of Assumption 2 is difficult to
prove. It might well be that some weather influences do not add but
rather multiply with each other, producing non-Gaussian distributional
shape (Section 1.2; Sura et al. (2005)). But Assumption 2 can be relaxed

W(T), Wiener process (“continuous-time noise increment”)
Hasselmann (1976); Book, Eqs. (2.25), (2.26), (2.28), (2.29), (2.30), Section 2.5.1
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Appendix2. Persistence Models
2.5 Climate theory

Support of simple AR(1) climate noise model

 1. Weather components (Hasselmann 1976)

 2. Climate equation

 3. We have also trend, outliers/extremes and variability to
  describe climate.

4 1 Introduction

assumption like others in the business: three-dimensional space, time
arrow and causality, mathematical axioms (Kant 1781; Polanyi 1958;
Kandel 2006). The book also follows the optimistic path of Popper
(1935): small and accurately known ranges of uncertainty about the
climate system enable more precise climate hypotheses to be tested,
leading to enhanced knowledge and scientific progress. Also if one shares
Kuhn’s (1970) view, paradigm shifts in climatology have better success
chances if they are substantiated by more accurate knowledge. It is the
aim of this book to provide methods for obtaining accurate information
from complex time series data.

Climate evolves in time, and a stochastic process (a time-dependent
random variable representing a climate variable with not exactly known
value) and time series (the observed or sampled process) are central to
statistical climate analysis. We shall use a wide definition of trend and
decompose a stochastic process, X, as follows:

X(T ) = Xtrend(T ) + Xout(T ) + S(T ) · Xnoise(T ), (1.1)

where T is continuous time, Xtrend(T ) is the trend process, Xout(T ) is
the outlier process, S(T ) is a variability function scaling Xnoise(T ), the
noise process. The trend is seen to include all systematic or determi-
nistic, long-term processes such as a linear increase, a step change or a
seasonal signal. The trend is described by parameters, for example, the
rate of an increase. Outliers are events with an extremely large absolute
value and are usually rare. The noise process is assumed to be weakly
stationary with zero mean and autocorrelation. Giving Xnoise(T ) stan-
dard deviation unity enables introduction of S(T ) to honour climate’s
definition as not only the mean but also the variability of the state of
the atmosphere and other compartments (Brückner 1890; Hann 1901;
Köppen 1923). A version of Eq. (1.1) is written for discrete time, T (i),
as

X(i) = Xtrend(i) + Xout(i) + S(i) · Xnoise(i), (1.2)

using the abbreviation X(i) ≡ X(T (i)), etc. However, for unevenly
spaced T (i) this is a problematic step because of a possibly non-unique
relation between Xnoise(T ) and Xnoise(i), see Section 2.1.2.1. The ob-
served, discrete time series from process X(i) is the set of size n of paired
values t(i) and x(i), compactly written as {t(i), x(i)}n

i=1. To restate, the
aim of this book is to provide methods for obtaining quantitative esti-
mates of parameters of Xtrend(T ), Xout(T ), S(T ) and Xnoise(T ) using
the observed time series data {t(i), x(i)}n

i=1.
A problem in climate analysis is that the observation process super-

imposes on the climatic process. Xnoise(T ) may show not only climaticBook, Eq. (1.2)
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Appendix3. Bootstrap Confidence Intervals
3.3 Bootstrap resampling

Block length selector (MBB) after Carlstein (1986)

Other block length selectors via
 persistence time
 autocorrelation function

78 3 Bootstrap Confidence Intervals

3.3.1 Nonparametric: moving block bootstrap
The moving block bootstrap algorithm, denoted as MBB, divides the

time series values {x(i)}n
i=1 into sequences or blocks of l consecutive

points (Algorithm 3.1). The blocks may overlap, their number is n−l+1.
MBB draws randomly a block and inserts the contained values as the
first l resample values, {x∗(i)}l

i=1. The next randomly drawn block
yields {x∗(i)}2l

i=l+1, and so forth. When the last point, x∗(n), has been
inserted, the algorithm stops; remaining block values are discarded. The
resampled times are unchanged (Algorithm 3.1). One indexes the first
resample as


t∗1(i), x∗1(i)

n

i=1
and repeats MBB until B resamples exist.

A possible adaption of the MBB to uneven spacing is introduced in
Section 3.3.1.2. Other nonparametric bootstrap algorithms are described
briefly in the background material (Section 3.8).

3.3.1.1 Block length selection
Selection of the block length, l, is a crucial step because it determines

properties like bootstrap standard error or bootstrap CI coverage accu-
racy. Berkowitz and Kilian (2000: p. 20 therein) describe the trade-off
problem involved as follows: “As the block size becomes too small, the
[MBB] destroys the time dependency of the data and its average accu-
racy will decline. As the block size becomes too large, there are few
blocks and [resamples] will tend to look alike. As a result, the average
accuracy of the [MBB] also will decline. This suggests that there exists
an optimal block size [lopt] which maximizes accuracy.”

A simple block length selector can be derived from Sherman et al.
(1998), who adapted a formula from Carlstein (1986), to the MBB:

lopt = NINT


61/2 · ̄a


1− ̄a2

2/3
· n1/3


, (3.28)

where NINT (·) is the nearest integer function and ̄a = exp(−d̄/τ) is the
estimated “equivalent autocorrelation coefficient” (Fig. 2.3) of an AR(1)
process fitted to the data with uneven spacing. (If ̄a → 0 and ̄a → 1,
then take lopt = 1 and lopt = n − 1, respectively.) In the case of even
spacing, ̄a can be taken from Eq. (2.4). Instead of ̄a, also a bias-corrected
version, ̄a, can be used, see Section 2.6. Employing this block length
selector for real-world problems is evidently a simplification because it
was developed for normal shape, AR(1) persistence, even spacing and
bootstrap standard error estimation. Hall et al. (1995a) show that for
bootstrap CI estimation, lopt should increase at a slower rate with n.
On the other hand, in practice some simplification is inevitable, and
the formula might yield acceptable results. This can be assessed by
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Appendix4. Regression I
4.1 Linear regression
122 4 Regression I

Step 1 Make an initial guess of the variability, S(i). Make an initial guess
of the persistence time, τ , for uneven spacing or the autocorrelation
parameter, a, for even spacing. (For notational convenience, we omit
writing a superscript.) Often the simple choices of constant variability
and absent persistence are sufficient.

Step 2 Update the V matrix after Eq. (4.15).

Step 3 Perform GLS (Eq. 4.13) to obtain updates of regression parameter es-
timates. Update also SSQG (Eq. 4.9).

Step 4 If regression parameters, and possibly also SSQG, have not changed
strongly at the preceding step, take this solution and go to Step 8.

Step 5 Calculate the unweighted regression residuals e(i). Update the vari-

ability estimate S(i) by using the e(i).

Step 6 Calculate the weighted regression residuals, r(i), after Eq. (4.16). Up-
date the persistence estimate τ or a by using the r(i). Take bias cor-
rection (Section 2.6) into account.

Step 7 Go to Step 2.

Step 8 After regression parameters, and possibly also SSQG, approached the
solution at Step 4, calculate the residuals r(i) and the standard errors
(Eq. 4.21). The residuals can be used for graphical analysis (Mont-
gomery and Peck 1992). One looks whether they fail to reveal more
structure than a Gaussian AR(1) process, that means, whether the lin-
ear regression model with AR(1) noise is a suitable description of the
data. The standard errors can be used for classical CI construction
(Eq. 4.20).

Algorithm 4.2. Construction of classical confidence intervals, Prais–Winsten proce-
dure.

Then

X†(i) = X(i)− aX(i− 1), i = 2, . . . , n, (4.30)

= β†
0 + β†

1 T †(i) + X†
noise(i)

yields a transformed linear regression model with independent X†
noise(i)

(Cochrane and Orcutt 1949), which can be solved using OLS. Because
a is unknown, it has to be estimated from the residuals. This leads
to a similar iterative algorithm as the Prais–Winsten procedure (Sec-
tion 4.1.4.1), see also Montgomery and Peck (1992: Section 9.1.3 therein).

Book, Algorithm 4.2

                 Classical CI

                 Prais–Winsten
                 procedure
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